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~Tin 60 minutes

· Hilbert space I ,
(4

,
4)

,
to ele "Vacum"

· Field operator Va(x) x = (t, (E1X1B-
t Label x2 = y -

· Wightman functions

Wh(x , -- xn) = = (to
, Va ,

(X, ... Van(a) to

· Axi may :

· space time symattres

· regularity
· Locality [Va(1 ,

Upcyl] = 0 (x-y >

Va(A ,
) = e

- itH
Valo, y

gitte

H Hamiltonian Ho = 0

Wh = (to
, Vali)eiliths to

analytic in Im (ti-tic) > 0
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Analytic continuation At it

Sp(y1 -- yn) = Wu(x
,.

- xn)x = (iy,)

x = ny( = [c(y) , Uply'] = 0

FeanQET Sp correlation function

of random fields
·Probability space - ,

expectation <->

· Random fieldt V
,
/2

,
w yer

,
we

Y

· Sp(x ,
-Xn) = <Valyi)]

i = )

Aiams (Osterwalden-Schmade

· symmetries , regularity

· Reflection positivity
=> Sn -> Wh Reconstruction
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mathIntegrals
Wightman axioms were motivated by

J

QED
,
described by an Action functional

· Fields & : I
*
+M "target space"

· Action S19) = /ad19 ,
al de

· Locality (19 ,
x) = ((g(x) ,

89(x) .
.. )

· Vy(x) = V
,
(g(x) , 59(x)

,
- - )

Flyrian :

Wh(xx --

,
x) = (gS(9)+Va(xi) Dg

-> je-Sere(9/Va (i) Da
t- it

Example of"theory gGIR

2 = - (a 94 + (09( + may +19

Sena = (09P + 109 eng = 1 ga

Vi g(x, , (0g)2 ,
e
idy

----
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trectiveQFT (60's) : make sense

of E

- S19'
Dag as LAW of I

d
Ex Free field on 11

S(g) = S(y( +mg]dx
ind

- S(9)
① Dy : = Gaurian measure with

covariance

Sg()a(y)] = 7 d +m2)" (x
, y)

~ (x-y ,
2- dx + y

I distributio valued

ye H-E - 2(129) a
. s

.

= gix t
" not defined

Regularise - g + Xz * 95 "OV cutoff"
use

Renormalise
-

ty* + ()g")c = -)(X * 9)* + "counterterrey"

2 + 0

Prove te --S7)9")aParF
-> Pr

-



S
-

Glimme , Jaffe 60-70's : fa d = 2
,
3

((y") =9 + a
,9

aq
=

+ a logs d= 2

3 -b- 1
*

alogs da

Ps & = 4 renormalizable
,
like QED

,
QCD

(1)g4)
,

= ggg + a
- 92 + b

,
(199)

gg(t) = 1)+plas
, al , len

-(c) + 2 + 0

S .A
. [TTGIVID,G2

where him Gn(X 1 91 existy
2-0

· Formal power series

· On given by Feynman diagrams
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Calphenomena

⑰T Short distance singularities as 2 - 0

< 9(X)9(91 -Ty
Scale invariance in UV

Phase transitions a fixed
, by latte o

t

-

( ->= [exp(
- PGS(9 , x1]

x = 27

Large distances :

< 9(4)g(y)) -
E

- (x-y)/5
non critical

~

| x -y)-g S (x -

y
- critical

Scale invariance in large scales

Renormalization Group allows to study
-

both : Vary observation rate

9 59e"Se has scales

E
. g Y(k) ,

1KISe
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Law(91)2 -Selfel Doe

1 - Se RG How

Fixed points : Se = S
*

VI

come from scale invariant QFT's
Y -adi

<Vay(vi)]<Vali)=
(x)

Xa scaling dimension of Va

Edief Such QFT are conformally
invariant and a generic QFT :

So
gX

Example ag" & = 2
,

3 ST= Freefield
= Iring model

Uprhot : Space of all QFT =

unstable manifolds of CFT's
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Emmainvariance in d = 2

Conformal group extends Painca's group by

spatially dependent realings.

In did there are Mobius maps t

z c = (u3a3 - act (absb22 + d

Axi! 2nd CFT is postulated to have primary

fielder Vall o . A.

VatilD=/divil]
Consequences :

1
.
<V

,
(2)) = 0 on a unless

2
= 0

2
.

Ja <Va
.
zilae(ia] #* then

> Va
.
(2)Va

,

Kal = 0 unles Da :One

and =Many if=
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3 . + : z,
, 2

, 2
+ (0

,
1

,
81 =

[Va, ( . ) Vale /Vag(zs)] = Cazas *

= K
, -2017-23702317 ,

-2
,
10

0.2 =1 + - = -83 etc.

Chided "structure constant"
4 2(0 . - oi -0j)

4 <Vailzil] = F(y)T Kizj)
↑

i <

- = Goi , y=)

F undetermined function

AmmatorProduct Expansion

Wilson : Short distance expamin in QFT

V(x)Vpy apf(x -y)Vj(y)
m

Homoy degree 210a+Op-Of
CFT : Va

,
Up primary Up = & (Primary
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Zomb Let Va
, Up be primary .

Then

Va,12 .
) VanRal = S Cade Da Vall

&

·Convergent in < T Vailil] if Rizal
12 ; -Zj)

· Da = D12 , 22 , & , 022) diff. operates

· ↳
,
determined by coup-symmetry

M

Consequence < TTV : (i) iteratively-

i =

determined in terms of structure constants

Structure constants in turn are constrained

by arrociativity of OPE :

↑ [Va
,

(2)ValalVag]Vag(1]

- = "Rowing"
1

22 Ga

=> Quadratic constrainttor Caps



11-

How to find CFT's ?
(1)

· Try to guest the spectra of primary Va
~ Find solutions to crossing constraints

(2) Construct CFT from path integral and
verify axioms

Emmatlyinvariant actious

Find a conformally invariant action functional

and try to construct the path integral

Natural setups Riemanniam geometry
· (5

, g) : In ad surface w. Riemannian

metric g

·

g , I' conformally equivalent if g=eg
with de (8)
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Let g : [tM (eay month) ,
M manifold

Local action

S(g , g) = 2(y , g , x)drg

is conformally invariant if

(i) S(y
, g)

= S(got,
*

g) eBiH(2)
(ii) S(y , eg) = S(y , g)d = C8(8)

eye(
Emples

I Freefield M = IR,

S = - IddIg =P4π

g
& P inverse of g

= gapdX
*@dXP

i
. 1 . g9yp = Gagt g( + y

-

8gd

drg-vety.. dx => drg-edug

so wege of
↑

S is Dirichlet energy and critical

point is a harmonic function
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12) D- Models g : [tM where

(M , m) Riemannian
,
metric m

dgix) e TMTgM
11 11 the metric inherited from g ,

m

G(9
, 9 ,

x)= 11dg(x)))

- ggpg(x)mij(g(x)
migh = Mijdgidgj
Extrema : Harmonic maps [tM

(3) P19)a-model 9 : %+I

2 = &(d$1 + P(g() 4 poly

not Weyl invariant .
Likewise

sine Garden cospg(x) and sink Gender
coshpy(x) are not wegl invariant

(4) Lionville model g : G + IR
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2 = LIgg + QKgg + g9]dwy

is almost) :

S(g ; c g) = S(y + 0
, g) - 60A(9 , %)

where Weyl Anomaly :

A =/[lds/ + 2Rgs] dog
Here Q = G , 40 and Kg is

scalar curvature .

· Recall : J atlas on t st transition

functions are holomorphic and in

such coordinates g= ga(dzed + de dz

Riemannian volume is dug-giad "z and

ky = = 40
, 82 log g(z)

Minimizer & = Tg wit Key" const

for genus (5) >, 2.
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Realisation

Try to define
M

S Vailzil = J -519 ,%Vail9
,
xi) D

9:+M

as for ! by regularising and renormaliving

Example Heisenberg model-o-model with-

n = c
,
M = S, round metric m .

Then

RG calculation gives :

Take 99s
,
m) = S10s,M .

The

line S = S19s,m)+ inelevant
2 - 0

with edT =-To
i . e. To cloget to alto

"asymptolic free des"

To is temperature and this analys is

believed to be valid to T small .

Cullenge Give a rigorous proof



16
.

This shour theory is not a CFT
· For

I to it flows to UV fixed point-free field
Fa 1- it is believed to floor to

the high temperature fixed point Tet a

which is not conformal. Correlations

decay exponentially in distance .

Proof of this is even biggle challenge !

te For N = 2 i . e
.

M = S*
and thir theory is conformal, GFF with
values in the circle.

-o --

For general 8-model me gets (Frislau ;82)

Se = S(S , mel

ed me = Rime-

R = Rijdgindgi in Ricci tensa of me
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I
. e

.

RG flow is Ricci flow .
Hence possible

CFT are Riciflat M. However

corrections... probably spoil this.

A SuSy version (N = 2 Susy) with M

Calabi-Yau ( = Kahler
,
Ricciflat) might

be deformed to CFT and N= o Hyper-Kahler

has ed me =o to all order inthee

low temperature expansion.

Topological terms . One can add to

- the -model action a term of form

Sto = J Bij(g(x1) &g1dgca)
2

wher B = Bijdgindy" is a 2-form on N

This way one geto a <FT
,
the

WZW-model we'll dirust lates.
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2
.

Local conformal invariance
-

Let us formulate (FT in the Riemanian

setup .
We suppose primary field coveld-

tion functions all defined and satisfy

iff Let to Diff(f) Commoth

< iTrajig = <Vaitzilk y *

g

ney Let Sec(f)
.
Then

< iTVailzi) = g((g ,d) a : (i)

edg i [Vailzi))
g

where
,
as before , A= /Idl + 2kg 5] dog

is the Wel anomaly and c is the central

change of the CFT

Note Let = = &
,
+ Mobics. Then Fig =H Pogot

/

-

so Wing (11
,
121 we recorts old Axion I

since in this case Alg .5) = 0 (Check).
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Stress-Energy tenson (SET)
-

SET describes variation of a local

action functional S16 , g) in the metric :

Tur= S (4
, g)

is
vary

the inverse metric

gu
where fMW is month and them

T
.

S(4
, 91 =/Tar(x)
( dig

Example For free field we get

Tur =&&d
-

gy gad4

( secrd term comer from dog (

Excercise : Compute Thr for Lioreville !
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~ermal
Wail Identities

In the quantum care we study variations of

the correlation functions <Va :
(i)

agV

when we vary the metric of .

Let again

guf
Mr

where f is smooth with compact support

in the complement of the points Zi3 .
we try to define

&Vail
The axioms Diff & Weye allow us to

determine such variatio explicitely if F = C.
Proposition Assume

F(2 , g) := Vaikilig
iswooth in t in the region 2 : F2; Fiej

andsatisfies Diff a Wege. Then
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2- F(z199) is mooth around E= 0

and

=)(2 Fudga

where F
,
r1 , 191 is mooth in & BVz ;

We denote

Fir , z , g) = [Tyr(z) T Vai (zi)]g

ofproof I has one conformal a fall

&
so me take g : c 1d21?

~

By Weyes Diff we get JtDiff, (2)

g2
= e +g

Thus

Unilwig
= <Vailts(il]g]= DztVa : Mileg

where Dz is a linear differential operator .
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To find ta
,

%
,

one needs to solve a

Beltrami equation

024 = y0z4s
E

where m
= 222(1 + 442572 - 4722225

where gg
= g + c y ·

Putf
,

(2) = z + U
,

(2)
· Then

&=u
-Mizu =

y (x)

o is given by Cauchy transferm C

(tf((2)=
so that (x ) becomes (1-Clyd)"n =ec

u = 3 - 20=
where R = &ze = 20

,
is Beltrami transfera

Upshot : Therolution is Cin 8 and

To can be explicitely cosported
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We can write the tenrer Tprdx
* @dx0 in

the z
,
2 basis :

T = Tzdz2 +Tzzdz + Tzz(dzd +didz)

Then

Tzz()= (T ,,
(2) - Tzy(z) - 2: T

,z(z))

when 112 refer to z = Xi + ixz
· Define

T(z) = Tzy(z) +

fA(z)
A(z) = 025(2) - -(026121

Calculation gives

7) +(2) TTVaiRil=

-2:0 ; ) <Va ,
12 : 17

This is called contemal Ward identity.

Note that T(2) no hotomophic in D1Ezi3.



24

Next
,
take gas = g + &

, 5
,

+ Est with

f ; are supported around 4
,03213 . Get :

(TIulTi2) Vaili) =&

- i)T

Similar expressions for <TTj)TVa: :1)

LetC; be a confoc surrounding z ; and

no other zj .
Let

↳
n
kil=-

Ci
Then

n > 0

CunVailTai-Gasvail no

&it
* [πVi] ncg

so LnVa = on 30
, LoVa= Va
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Furthermor ,

a nice excercise :

[Ln(i) , Lm(il] = (n-m)Lnem+ (in) &r
,

- m

Similar stay wih F(2) = Tzz .

3Ln3
,
5[n3 ferm two commuting

Vinaero algebras.

Let r = (4
,
02 .... : 1 with WiET-

Uk = Ok -15 -- 50
,

50 k

Define Lop = boxhom--- Lo
.,

For similarly
The fields US,

= Lo[j Va are decendants of Va

Ward holonorphic facterisation

[Var(il] =D((( . ) SVakil]
, g

[
D diff operator in 483 determined by

C
, 3 aid ,

3213

This is crucial for confermal bootstrap.
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2 Probabilistic LCFT
insem

We want to define the path integral

[F(g1z
, y

= ) F(g)e
- S19

, 8)
Dg (x )

tor Lionvile action functional

S19 , g) = Edg ++
Recall that this action is Diff invariant

and under Wege transforms as

S(g ; c g) = S(y + 0
, g) - 60A(9 , %)

We define ( * ) as a Raden-Nikedym

derivative w
.
r

.
A

.
the fre field , Qio .

#field. The Dirichlet energy for a

mooth Is can be written as

ldgi dr = 19 ,09
, 00

when the Laplan-Beltrami operatu
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Og = 09(gVt(p) is self adjoint

on 115
, dig) . Morezoe-by has

a discrete spectrum of eigenvalues Eg
,
n3

a) -gg , n

= -
g ,
n g ,

n
n = 0

, 1 --

(8) -Lyin 30 130
, -7 g ,

0

= 0
, Eg ,
- constant

(c) (eg ,
ns

g ,

n) = On
,
n

Expand o in this balio

g() = C +van n
=> pinldgly dry -
so we can define the fre fie path integral

in terms of a variable CORR
,
and a

product of independent normal variables En3=
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Friedm!g

where an i
.
i

. d . No , 1) .

Let

# (2
, 91 = Seen 1 G Igncn

Since Iy,n In as no d not have

#
if so

. Head XgEH ,
so a . s.

Easy excercise :

(fg(x)fg(y) = Gg(X , y)

- OgGg(4 , gl= (x-y-g(x)
Fact : Gg(X , y)= logdg(x ,y + Smooth

at x +
y
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CE IR
IfeldaVi

&
a

, g
= "Detryl)"

11

= ga , y(0) vg18)
"Partition function of GFF"

Ja
, y
Is)= gin

Note Gaurian measure on HER with covariance

IE ; dj = (A")ij is given by

IP(db) = def(2A) - (t, d

Let A have eigenvales ti . Then

boy det += [lgn=
for own case

, 55
,9

is analytic
ins in JmSS-1 and has a mesomorphic

continuation to SEC
,
with no pole at so

This motivates (4)
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Gacorsion Multiplicative Chaos GM C
--

Hence we want to have

- S(y, g'pa = exp[-ky +49)drg]rig(dg)①

Since kg is mooth Jkggdig is a well defined

random variable. Butc9 is not as

IcUY(X) =VGg(x
We regularize

Xg ,
g(X) := X g(y)dlg(y)

Cg(X)

where ((X) = geoderic circle of radius E

%
and renormalise M-ME

j3
↓ Xg , g(x)Pop The Mander measure 2 ⑪ dog(x)

converges in the sense of weal convergence of

meatures and in probability
j3
22 .

WXg , g(x)

dog (x) My ,
j(dx)⑪
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The limit Mg , g
is the GMC measure

,
it

in 0 iff &C and Mgpk * a
. s.

Def is defined as
->

LCFT measure

Wa
, g

= e-)g9dwy-MeMg(f))
6. g

where Q is renormalized to

Q=+
We denote

,
for F : Hist I

[F) F(g)dUa
, g(9)

a
, g

: = (
provided JIFIdr < O.

Vertexoperates s Let Le IR

Va
, g , s

(x) = gy ,
&(c + +y ,g(x)

M

Vaig(i)) :line S Vag2
, g 2

, %
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Peop The limit exists and is non-trivial

provided th Seiberg bounds hold :

di-Qxk eis i

when X(8) = (2-genue) in Eule character

The limitsatisfies Diffe Wegl with
X = =(a- )

2

C = 1 + 6Q

I leas Since /Rgdig = <+ X( %)
-

Ahe c-integral conve

Edi-axis))c - y eUMg18)
Sire

= (
S

↑(s) (Mgy(s))
- %8

if s = Edi-QX151 > 0 . Then
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line YVig(il]a= 419)7agt
~ TgdiXgsi) (Mg(5))

- 48

Shift Xg - Xg + E ; Gg(zi ,
% E

= ju N(972a
,g(g(z)())906612dug(21)

With Cy12) explicit. Now

eudianialindi noit

MainLemma This is GMC integrable
it di < Q (i . e . Udica +% (

-----

Diff follows from

XgofWYy *

g

We follows from
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10 Xg) Xg-dry g = cag

-> (F(Xy + c(dc = J F(Xg + c)

2
"

Q) XgKgideg = P) Xg(kq + g5)dag

3·gi
=

E5326(g) /wwXg ,
g

=> Meg =2 dug = e

&

Q5dNg
al

Va
, g

= =Va
, y

40 Shift XgtXg
= Q 16-dr

=> Va + 56Q Va

t c = =(a - )

go central change get 6 from curvature

term &I ter detog term
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~-Zamino-Wittenmodel

Let the target manifold be not a compact,

semisimple Lie Group G . Let G so the Lie

Algebra. We only need below G = SU(2) =

2x2 unitary matrices , G = 2x2 anti hermiteau

matrices
. EXP : GEG given by aegtc

G has a natural Riemannia metres

m which is Left & Right invariat :

Rg : 2 + 2 Ryh := hg" , Lg : @tG
, I high

R * m = m = Ly
*

m
.

m is called killing

farm and given by minus trace

in the adjoint representation of G .
Fo SUR

ne normalize it as (a , b) = -Trab

tee a
,
besu(z) = Lie Alg- of SU121 .


