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1 A bilinear Bogolyubov-Ruzsa lemma with poly-
logarithmic bounds

After K. Hosseini and S. Lovett [HL]

A summary written by Hayk Aprikyan

Abstract

We show that if a set A C FxF has density «, then after a constant

number of horizontal and vertical sums, it contains a bilinear structure

of codimension log®™M a1,

1.1 Introduction

Assume F = F, is a prime field for a fixed prime p. Given a subset A C ",
define its density a = |A|/|F|", and the sumset and difference set as:

2A=A+A={a+d :a,d € A}
A—A={a—ad :a,d € A}

A key theorem in additive combinatorics is the (improved) Bogolyubov-
Ruzsa lemma due to Sanders [San12|, which states that:

Theorem 1 ([Sanl2|, [SS16]). If A C F™ has density «, then 2A — 2A
contains a subspace V. < F" of codimension O(log* o). Moreover, every
y € V can be expressed as y = ay + as — ag — aq with a; € A in at least
a®D|F > many ways.

Let now A C F™ x F*. We define subtraction on horizontal and vertical
fibers as:

On(A) = {(x1 = 72,y) : (21, 9), (22, 9) € A}
Ov(A) = {(z, 91 —2) : (2, 01), (2,92) € A}

and given a word w € {h,v}* we define ¢, = ¢, © -+ 0 ¢, as their
composition. Finally, we say that a set B C F" x F" is a bilinear variety of
codimension ry +ry +r3 = r if

B={(z,y) e VxW:b(x,y) =" =by(r,y) =0}
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where V, W < F" are subspaces of codimension r; and ro, respectively, and
b; : F" x F"* — F are bilinear forms.

Question: For a set A C F" x F" of density «, does ¢,,(A) contain a bilinear
variety for some fixed w € {h,v}*?

In [BL17|, Bienvenu and Le proved the answer to be affirmative, with
a bilinear variety of codimension r = exp(exp(exp(log®® a1))); and in
[GM17|, Gowers and Mili¢evi¢ independently obtained a stronger bound of
r= exp(exp(logo(l) a™1)). In this talk, we present a new proof of the result
with a polynomial improvement:

Theorem 2 (Main theorem). Let A C F" x F™ be of density o and let
w = hvvhvvvhh. Then there exists a bilinear variety B C ¢,,(A) of codimen-
sion r = O(log™ a™1).

1.2 Preliminaries
1.2.1 Freiman-Ruzsa theorem

We will use the following version of the Freiman-Ruzsa theorem in the proof
of Theorem 2, to linearize maps that are approximately additive:

Theorem 3 (Freiman-Ruzsa, functional version). Let f : F* — F™ be a
function such that

Pr [fly+z2)—f(2)=fly+2)—f(Z)]>a

y,z,2' €Fn
Then there exists an affine map L : F" — F™ such that
Pr [L(z) = f(2)] > exp(~O(log' o))

z€Fn

With a slight probabilistic argument, we can prove that the result holds
for any dense subset Z C F" as well:

Lemma 4. Let f : F* — F™ be a function and Z C F™ with |Z] > «|F|"
such that

Pr [fly+2)—f(z)=fly+2) - f(Z)] > a

yefn z,2'eZ
Then there exists an affine map L : F" — F™ such that
Pr [L(z) = f(2)] > exp(~Oflog' a™"))

z€Z



1.2.2 Spans of affine maps

Recall that an affine map L : F" — F™ is a map of the form L(z) = Mz +b,
where M € F™*" b € F™. We introduce the following notation: for a set of
affine maps £ = {Ly,..., Ly} and y € F", let

L(y)={L1(y),...,Le(y)} CF™

and define the span of £ as the span of affine maps

L = span(L)

or equivalently, B
L(y) = span(L(y)) C F™

For notational convenience, we denote L£(y1,yo,y3) = L(y1) + L(y2) + L(y3).
As a vector space over F, the dimension of the linear span of £ is naturally

denoted by dim(L£). We will use the following lemma in the proof of Theorem
2:

Lemma 5. Let 6 > 0 be any number. Let L be a set of linear maps from F™

to F™ with dim(L) = k. Then there is a subspace Z < F™ with
dim(Z) < k(2k +1logd~" + 3)

such that for every y € Z and for every S C F"™ with |S| > 0|F|", at least
half of the points s,s' € S satisfy

(Z(s) + Z(y)) N (Z(s') + Z(y)) C Z+ L(y)

1.3 Main idea of the proof

For better readibility, we will always assume z and related sets are in F™,
while y and related sets are in F"; with n = m initially.

To prove Theorem 2, we perform six steps, where in each step we will
pass to a certain, more suitable dense subset of A. In steps 1-2, we repeat
horizontal and vertical differencing to obtain subspaces V,, inside many of the
fibers. However, these subspaces may vary arbitrarily with y, so in steps 3-4
we use Freiman-Ruzsa to show that this variation contains a low-dimensional
linear component y — L(y). Finally, in steps 5-6 we get rid of the auxiliary

10



representations and obtain a single subspace V such that V N £(y)* lies in
every relevant fiber.
Step 1: Linearizing z-direction (for each fixed y)

We decompose A = |J, cpn
ence set in the z-direction:

Al = ¢ (A) = U (24, —24,) x {y}

y€elfn

A, x{y}, and apply ¢y twice to get the differ-

after which we apply Theorem 1 to each fiber A,. By passing to a dense
subset S C F" such that for every y € S, the fiber A; contains a subspace

V, < F™ of codimension O(log* a™'), we obtain a set of the form:

BlzL_JV;!’x{y}CA1

yes

Step 2: Linearizing y-direction

Next we use a similar strategy to obtain linear structure in the y-direction.
We apply ¢, twice to get the difference set in the y-direction and obtain a
subspace W’ < 28 — 28 of codimension O(log* a™!):

B? = LJVyX{y}g UVyX{y}

yeWw’ yeln

where n = dim(W’), codim(V,) = d = O(log" a~!) uniformly.

Steps 3-4: Linearizing the correspondence y — V,

In order to use the Freiman-Ruzsa theorem, we need to linearize the map
y +— V,. Denote A® = ¢,(B?), followed by A* = ¢;,(A?), which results in:

A= | (VN + (VN V) % {3}

y,z,welfn

= U (U +Ups) N (Us + Upi))* % {5}

y,z,welfn

where U, = VyL are of dimension d.

To reach the desired linearization, we use Lemma 4 to prove the following
key ingredient. Let £, be a collection of affine maps from F" to F™ for every
y € F".

11



Lemma 6. As long as

Pr (U AUy )N U+ Uyiw) C Lo(2)+Lys 2 (y+2)+Lo(w)+ Ly (y+w) | <

y,z,wEF™

N | —

one can find an affine map L such that

Pr [L(y) € Uy \ £,(y)] > exp(=0(d"))

yelfn

By the above result, for each y € F" we can iteratively find affine maps
L, ={Li,..., L} such that the event

(U: + Uytz) N (U + Uyrw) C L. (2) +?y+z(y +2) 4 Ly (w) +?y+w<y +w)

holds with probability at least 1/2. Note that the number of such L; is
bounded by t = exp(d?).

After a pigeonhole argument, we can collect the most popular 4d-many
affine maps in one global collection £, to obtain a dense subset B* C A?* of
the form:

B'=JL(y)" x{y} c A*
yeT
Here we also restrict our attention to only those x which are orthogonal to
the constant terms of the affine maps in £, so that we can assume all maps in
L are linear. Of course, this restriction will cost us ; = O(d) in codimension.

Step 5: Linearizing y-direction (again)

We once again apply ¢, twice on B* to obtain a subspace W < 27" — 2T
of codimension ry = O(d*), and by Theorem 1,

B° = U U Z(yl,yQ,yg)L mz(y)L x {y}

yEW  \ (y1,y2,y3)E€Sy

where S, = {(y1,42,43) 1 ¥ = Y1 + Y2 — ys} is dense in (F")?.
Step 6: Unique subspace V for all y € W

Finally, in order to apply Lemma 5, we apply ¢; once again:

AU U @ nT0) + Ehth ) nT0)") | xin)
yeW | (y1,y2,y3)ESy
(W4, y5,y5) €Sy

12



Now by Lemma 5, we can find a subspace V' < F™ of codimension
O(d?1og(exp(—O(d°))) = O(d") such that V N L(y)* is contained in each
of the long sums above, for every y € W. This gives us the desired bilinear
variety

B=|J (VNLy)") x {y} c A°
yew
where (x,y) € B® if and only if z € V, y € W and (x, Ly) = 0 for every
L € L. Since there are in total r3 = |£| = O(d) many such conditions, B°
is a bilinear variety of codimension r1 + o + 73 = O(d") + O(d*) + O(d) =
O(log™ a™).
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2 Small subalgebras of polynomial rings and
Stillman’s conjecture

After T. Ananyan and M. Hochster [AH]

A summary written by Noa Bihlmaier

Abstract

We describe a solution to Stillman’s conjecture, which uniformly
bounds the projective dimension of R/I for any ideal I of a polynomial
ring R, generated by n homogeneous polynomials of degree at most d,
independent of the number of variables of the polynomial ring.

2.1 Introduction

The starting point of Stillman’s conjecture is Hilbert’s famous syzygy theo-
rem, being a consequence of combining the Koszul complex with Nakayama’s
lemma, see, e.g., Chapter 24.4 of [Vak]:

Theorem 1 (Hilbert’s syzygy theorem, 1890). For every field K, every mod-
ule over the polynomial ring R = K[T,...,Tn| has projective dimension at
most N, i.e. admits a projective resolution of length at most N.

An important class of such modules is formed by R/I for some ideal I.
As examples, for R = K[T1,...,Tx| and the ideal I = (Ty,...,T,) (n < N),
the projective dimension of R/I is n; and for the ideal I generated by the
three homogeneous cubics T}, Ty and TETy + ThTo Ty + TyTs the projective
dimension of K[Ty,...,Ts]/I is 5 (see Example 3.7 of [MCS]).

Around 2000, Stillman conjectured that the projective dimension of R/
is bounded in terms of the number of generators used, and their degrees,
independent of the number of variables of the ambient polynomial ring R.

Conjecture 2 (Stillman’s conjecture). For every n and every d there exists
a number B(n,d) such that for every N, every field K and every polynomial
ring R = K[T1,...,Tx]| it holds that for every ideal I generated by n homo-
geneous elements of degrees at most d, the projective dimension of R/ is at
most B(n,d),

pdp(R/T) < B(n,d).

14



Remark 3. Note that one could also bound the projective dimension of I
itself instead, since pdg(I) and pdgz(R/I) only differ by one.

In [AH], Ananyan and Hochster prove Stillman’s conjecture, and actually
obtain an even slightly stronger result showing that the projective dimension
of an R-module may be bounded only in terms of the number of generators,
relations and their degrees of a finite presentation.

2.2 From small subalgebras to Stillman’s conjecture

Stillman’s conjecture follows from the existence of small subalgebras, which
allow to reduce the number of variables of the ambient polynomial ring,
dependent only on the degrees and the number of generators of the ideal; not
the number of original variables of the polynomial ring.

Theorem 4 (Existence of small subalgebras). For every n and d there exists
a number B(n,d) with the following property.

Let K be a field and R a polynomial ring over K. Consider elements
fi,-.., fn € R of degree at most d. Then there exists a reqular sequence' of
homogeneous elements G1,...,Gs € R of degree at most d with s < B(n,d)
such that all f; are contained in the polynomial subalgebra K[Gy,...,Gs] C R.

Once this theorem is established, Stillman’s conjecture can be deduced
as follows (see [Sno| for more details):

From small subalgebras to Stillman’s conjecture. Take an ideal I generated
by fi,..., fn of degrees at most d — since these lie in S = K[T,...,T,,] for
small m < B(n,d), by Hilbert’s syzygy theorem, the projective dimension
of S/J for the generated ideal J = (fi,..., f,) in S is at most m. Using
the Koszul complex of K over S and base-changing it to R one sees that all
higher Tor? (R, K) vanish, i.e. R is flat over S. Thus one can simply tensor
a projective resolution of S/J over S with R to obtain that the projective
dimension of R/I = R®g S/J in R is at most m. O

1Recall that a sequence (G;) in a ring is called regular if for all i, G; is a non-zerodivisor
in R/{G1,...,G;—1). Since regularity implies algebraic independence, for a polynomial
ring the generated subalgebra of a regular sequence is itself the polynomial ring in formal
variables G;.
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2.3 Obtaining small subalgebras

For proving the existence of such small subalgebras, [AH] introduce the no-
tion of strength, which captures structuredness of a family of elements in

R.

Definition 5. The strength of a homogeneous polynomial f € R of degree
d is the minimal number 0 < k < oo such that f lies in an ideal generated
by k homogeneous elements of degree strictly less than d, i.e. there exists a
decomposition

k
f= Zgihia deg g; < d, degh; < d.
i=1

Similarly, the collective strength of a set of homogeneous elements {f;}

1s the minimal strength of a nontrivial homogeneous linear combination of

Example 6. In Rzy,...,zx], the strength of 3, x? is n, and the homo-
geneous elements of infinite strength are precisely the nonzero linear polyno-

maials.

Sets of large collective strength are supposed to behave like independent
variables.

Theorem 7. For every n and d there exists an integer A(n,d) with the
following property. For any sequence (f;)"_, of n homogeneous elements of
degree at most d, if the collective strength of (f;) is at least A(n,d), then (f;)
is a reqular sequence.

Remark 8. Note that for (f;) having infinite collective strength this theorem
follows quite directly — if R, denotes the ideal of positive degree polynomials,
then infinite strength of some f; means that f; ¢ R%, and infinite collective
strength is equivalent to linear independence in R+/Ri. But a vector space
basis of Ry /R% is simply a choice of coordinates of the polynomial ring.

Given this theorem, the proof of the small subalgebra theorem runs by
an induction along the degrees.
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Proving small subalgebras using Theorem 7. Order finite sequences of num-
bers in N by

(0i)iey < (m5)j21,
if n < m or n = m and there exists a j such that 6, = n; for all j <k <m
and 6]' < 1.

Let now (&;)%, be such a degree sequence, define n = >_§; and take
(f;)7=1 to be a sequence consisting of §; many homogeneous elements of degree
1. Without loss of generality, assume the f; to be linearly independent.

If only degree 1 appears the statement is clear, so let us induct along the
well-ordering described above.

If the collective strength of (f;) is at least A(n,d), then (f;) forms a
regular sequence and thus K|[fi, ..., f,] itself forms a small subalgebra with
n generators.

Else, there is a linear combination f of the f; of low strength, i.e. ex-

pressible as sum
F=> gy

with at most A(n,d) many g; and h; of strictly smaller degree. Extend f
to a basis of the linear span of the (f;), and then replace f by all the g;
and h; to obtain a new sequence (f;) with smaller degree sequence. Now
apply the induction hypothesis to embed ( f]’) into a polynomial subalgebra
K[Gy,...,Gs] C R for s < B(n',d).

But now note that the original f; are contained in the generated subal-
gebra of the (f}) and thus also lie in K[G\,...,G,] with at most B(n',d’)
variables. Note that only finitely many degree sequences may be reached by
this process, since deleting an element of degree ¢ produces at most 2A(n, d)
new elements and these in strictly smaller degree.

Thus, we may take the maximum over these and use this as B(n,d). O

2.4 Large strength implies regularity

Ananyan and Hochster prove all of the above theorems by a complex simul-
taneous induction involving multiple other theorems, concentrating on the
singular locus of homogeneous polynomials of large strength. One of their key
results, translating strength to classical algebraic geometry, is the following.

Theorem 9. For every d,n > 0 there exists a number A(d,n) such that
for every algebraically closed field K and every positive integer N for every
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homogeneous polynomial F € R = K[Ti,...,Txn] of degree d; if the strength
of Fis at least A(d,n), then R/(F) satisfies the Serre condition R,, i.e. the
codimension of the singular locus in R/(F) is bigger than n.

However, in [ESS| and [Sno|, there is a short and elegant argument for
proving the regularity theorem by passing to ultraproducts.

Proof sketch of Theorem 7 via ultraproducts. Assume the contrary. Then for
every k there exists a sequence (f; ;) ; of n homogeneous elements of degree
< d in some polynomial ring R, having collective strength at least £ but not
being regular in Ry.

Take the graded ultraproduct R = [], _,, Bx along some free ultrafilter
p € BN. The ring R can be seen to be again a polynomial ring (since it has
enough (Hasse) derivations), the ultraproduct of the f;; yields a sequence f;
of infinite collective strength in R, and thus f; are a regular sequence in R.
This in turn implies that (f; ;) are regular in Ry, for a large set of indices
k, and thereby yields a contradiction. O]
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3 Strong bounds for 3-progressions

After Z. Kelley and R. Meka [KM]

A summary written by Aleksandar Bulj

Abstract

We present the Kelley—Meka bound for sets free of three-term pro-
gressions in the finite field model and the main structural lemma used
in that proof, following the exposition given by T. F. Bloom and
O. Sisask [BS|.

3.1 Introduction and main results

We say that a set A C Fy has density o if |[A] = ofF}|.
The main theorem in the finite field setting is the following.

Theorem 1 ([KM]|, Theorem 1.3; [BS|, Theorem 2). Let g be an odd prime
and let A C Fy have density a. If A contains no non-trivial three-term

progression then a < 2exp(—cn'/?) for an absolute ¢ > 0.

Kelley and Meka deduced this from the structural result given by the
following theorem; see Subsection 3.1.1 for the notation.

Theorem 2 ([KM]|, Lemma 1.14; [BS|, Theorem 4). Let ¢ € (0,1). There
is C = C(g) > 0 such that the following holds. Let G =y for a prime q
andn > 1, and let p > 1 be an integer. For a nonempty A C G of density
« there are a subspace V' < G with codim(V) < Cp*log(2/a)® and a point
x € G such that A" = (A — x) NV satisfies

. .. 174 1%
(@) AWV 2 a, and (i) i) wv gl = 1| <&

Remark. The density loss to (1 — ¢)a in the original statement (i) of
[BS], Theorem 4 is an artifact of using Bourgain’s narrowing trick (|BS],
Lemma 16). This trick is needed for Bohr sets but not for subspaces, so
no such loss appears in the finite field setting. Regardless, this difference is
immaterial in the intended applications.
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3.1.1 Notation

Let G = F. For any S C G, we define Eycg = |_;|erS' For a linear
subspace V < G and f,g: V — C, we define || f||ze(v) = (Epev|f(z)P)V/,

(fr9)v = Becv f(2)g(2), [ v g(z) = Eyev f(y)g(z —y) and [ oy g(z) =
Eyev f(y)g(x +y). When V = G, we write || - ||, and omit writing the sub-
script G.

For V < G and A C V of density o = |A|/|V|, we put ugv) = a ty;
when V' = G, we omit the superscript G. We write £(«) = log(2/«). Finally,

we use the following normalization for the Fourier transform

~

f(&) =Epeaf(x)e(—x-§), where e(t) = e2mit/a.

3.2 Proof of Theorem 1 using Theorem 2

For random sets A,C' C G one expects (4 * pia, uc) ~ 1. Conclusion (ii)
of Theorem 2 allows us to control such quantities. Indeed, if C' has density
v > 277, then [juc|y = v~ VP < 2, so Holder’s inequality gives

[(pa * pra, po) — 1 = [pa x pa — 1, pe)| < 2[[pa * pa — 1.

We can prove Theorem 1 by counting only the progressions inside the struc-
tured set A'.

Proof of Theorem 1. Apply Theorem 2 with ¢ = 1/4 and p = 2[L(a)]: we
obtain V < Fy! with s := codim(V) < p*L(a)® < L(a)? and A’ = (A—z)NV
of relative density o > « with ||;1J(A‘{) sk ,u(A‘f) — 1lrvy < 1/4. As ¢ is odd,
C :=2- A’ is again a subset of V' of relative density ', so the calculation at
the beginning of this section applies inside V' = Fy~° with v = o’ and gives
(,u%) *y/ ,ufz), pc)y > 1/2. Since A has no non-trivial 3-progression, neither
does A’, so only the trivial ones are counted by
v V) (Vv - _
<NA(4/) *yv MEA}’)a M(C’ )>V = 3Ex,yEV1A’(y)]—A’(m - y)]-Q-A’(*I) - (O/2|V|) 1‘

Hence o?|V| < o2|V] < 2, and since |V]| = ¢"%, a little algebra gives
n < L(a)? ie., a < 2exp(—cn'/?). O
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3.3 Key lemmas

Even though we state the following lemmas in terms of € > 0, one does not
have to worry about dependence of constants when € — 0 because we will
choose some ¢ > 1.

The first main lemma is the following.

Lemma 3 (Unbalancing, [BS|, Lemma 6). Let ¢ € (0,1). Let f: G — R be
such that f > 0. If | fll, = € for somep > 1, then || f+1]|,, > 1+¢/2 for some
P < p. In particular, if ||pa o pa — 1|, > 1/4, then ||pa o pally > 1+1/8
for some p' <. p.

Sketch of proof. First, observe that for any k € N one has E,f*(z) = f*
- f(0) > 0, so for p’ € 2N, using nonnegativity for odd powers and
monotonicity of LP for even powers, for p’ > p one has

/ /
e -e 3 (1)rwz X (1)
The last expression can be interpreted as (1 + 5)”/ times the probability that
a random variable X ~ B(p',e/(14¢)) (i.e. the binomial distribution with p’
trials and success probability €/(14¢)) satisfies X > p and X is even. Using
the central limit theorem, we know that the median of X is &~ p’e/(1+¢) and
X is even approximately 1/2 of the time, so if p < median(X)/2, then the
probability should be at least 1/2-1/2 = 1/4. Thus, the last expression is
bounded from below by 471 (1+¢)?". A little algebra gives the conclusion. [J

Lemma 4 (Dependent random choice, |BS|, Lemma 10). Let p > 1 be an
integer, let A C G have density o > 0 and let f : G — Rso. Then there is
A" C G with |A'|/|G| > 30°||pa o pall? such that

o 0 s £) < 2 0 ), )/ lia o ualls
Sketch of proof. The key identity is the following. For any integer p > 1 and
any f: G — Ry,

(a0 pa)?, f) = a PEyer(Lassn-natsy) © Lats)n-n(atsy) f)s

which follows by expansion of the p-th power of the sum. After applying this
identity to the numerator and, with f = 1, to the denominator of the expres-
sion, it remains to use the following pigeonhole principle with appropriately
chosen H.
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Let (g;)j—; and (h;)?_; be real numbers and 1 := (3_7_, g;)/ (37—, hy)-
If H > 0 satisfies >, oy hy = (3°7—1 hj)/2, then there exists j € [n] such

that - < 2n and h; > H. m

Corollary 5 (Sifting, [BS|, Corollary 9). Let p > 1 be an integer and ¢ €
(0,1). If A C G has density a and ||pa o pall, > 1+ ¢, then with S =
{2 : paopa(z) >1+e/2} there is A’ C G of density > a9V such that
<IU,A/ O WA, ].5> > 1-— 5/8
Proof. Apply Lemma 4 with f = 1gg. Since g 0o pa < 14 ¢/2 off S,
satisfies (par o par, los) < 2(%)3’” < ¢/8 once p" > e 'log(2/e). Now
use (par o prar, 1g) =1 = (par o prar, leng)- O
The last ingredient is [SS|, Theorem 3.2, in the form of [BS], Theorem 11;
it combines Croot—Sisask sampling with Chang’s theorem and makes no hy-

pothesis on S. For a self-contained proof in the finite field setting, see [KM],
Appendix C.

Theorem 6 (Almost periodicity). Let ¢ € (0,1). If A, Ay, S C Fy are

such that Ay, Ay have density at least «, then there is a subspace V with
codim(V) <. L(a)?* such that [{py * pra, © pa,, 1s) — (la, 0 pia,, 1s)| < €.

3.4 Proof of Theorem 2

Proposition 7 (Density increment; [BS|, Prop. 15). Lete € (0,1], letp > 1
be an integer and let A C Ty have density o, If ||paopall, > 1+¢, then there
is a subspace V- < F7 of codimension <. L(a)*p* with ||y * pallee > 1+€/8.

Proof. Using Corollary 5 we obtain A’ C F? of density o/ > a?*9<(1) such
that (uar o par,1lg) > 1 —¢/8 for S = {paopua > 1+ ¢/2}. Theorem 6
applied to A; = Ay = A’ with error ¢/8 then gives V' < F} of codimension
<. L(a) <. p*L(a)* such that

£
(v * prar o prar,1g) > 1 ——.

=~

Using Hélder’s inequality and then the definition of .S,
v palloo = llv * pallsollpea * par o parlly
5
> (fuy * par © fiar, fLA O fia) > (1 + 5) (v * prar o prar, 1s)

19 g E
> (1 —)(1——>>1 <
> (1+5)(1-3) = 1+
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O

Proof of Theorem 2. We may assume that p is even. Let p’ <. p be the
exponent supplied by Lemma 3 for the pair (g,p), and set V; := F” and
Ag := A. Given A, C V of relative density oy, identify Vj, = ]ngm‘;i and
stop if || N(A‘ZC) OV /L,(Aik)H vy <1+ £/2; otherwise Proposition 7, applied
inside V;, with the parameter /2, gives V41 < Vj of relative codimension
< Llag)*(p)* <. L(a)*p?, and a point zj,; € Vi on whose coset Ay has
relative density at least (1 4 ¢/8)ay; put Agy1 = (Ax — Tg11) N Viyr. Since
ap > (1+¢/8)%a and o, < 1, we stop after K <. L(a) steps, and relative
codimensions add, so codim(Vx) <. L(a)’p*. As x41 € Vi we have Ag =
(A—z)NVk with = 21+ - -+ 2k, and the relative density never decreased,
which is (i). Finally Hu%};) Oy /LEL}‘?:)HLP'(VK) < 14 ¢/2, so Lemma 3 gives

% 1% . . % 1%
||/LE4;:)ON£1§)—1||LP(VK) < ¢, finally implying that Hpﬁllf)*u(A;()—lHLp(VK) <eg,

which follows from using the fact that p is even, passing to the Fourier side,
and using the triangle inequality. O]
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4 The Quadratic Goldreich—Levin theorem

After J. Briét and D. Castro-Silva

A summary written by Davi Castro-Silva

Abstract

We give a short high-level overview of the Quadratic Goldreich—
Levin theorem proven by Briét and Castro-Silva.

4.1 Introduction

Let f : Fy — [—1,1] be a 1-bounded function. The celebrated Goldreich—
Levin theorem [5] — in one of its guises — can be viewed as a remarkably
efficient algorithm that learns the “linear structure” of f: it outputs a small
list containing all non-negligible Fourier coefficients of f, in poly(n) time.
Many important properties of bounded functions are effectively captured by
this list of coefficients, which makes the algorithm widely applicable.

With the view of extending such algorithmic techniques to higher-order
Fourier analysis, Tulsiani and Wolf |7| proposed a quadratic generalization of
this classical result. In that setting, the analogue of a large Fourier coefficient
is a quadratic polynomial g : F§ — [y that correlates well with f:

[(f, (1)) = |Eaery f(2)(=1)"| > 7,

for some constant 7 > 0. While Parseval’s identity implies that there are at
most 1/72 Fourier coefficients y € F% such that |f(y)| > 7, the same does
not hold in the quadratic setting: the number of large “quadratic Fourier
coefficients” can grow exponentially with the dimension n. For this reason,
a quadratic generalization of the Goldreich—Levin algorithm is supposed to
output a single quadratic that correlates well with f, rather than a complete
list (which would be impossible to do efficiently).
For convenience, let us denote by || f]|.s the maximum possible correlation
of f with a quadratic phase function:
[ fllus == max_ |Ez€F§‘f(x)<_1)q(x)"
q quadratic
The original Quadratic Goldreich-Levin (QGL) theorem of Tulsiani and
Wolf 7] gave an algorithm that, when given query access to a 1-bounded
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function f satisfying ||f]|.s > 7, outputs in poly(n) time a quadratic func-
tion ¢ : F§ — Fy such that |Egepy f(z)(—1)7®)| > 27P¥(1/) This work
was later built upon by Ben-Sasson, Ron-Zewi, Tulsiani and Wolf [1]|, who
obtained the stronger guarantee |Eqepy f(2)(—1)4®)] > 27pely(los(l/m),

The main result of |2] is an essentially lossless version of the QGL theorem:

Theorem 1 (Quadratic Goldreich-Levin). Let f : Fy — [—1,1] be a 1-
bounded function and let ¢ > 0. There is a randomized algorithm A that
makes n?logn (1/)°0e1/) queries to f and, with probability at least 2/3,
outputs a quadratic polynomial p : By — Ty such that

In addition to the O(n?) queries, the algorithm A runs in time O(n®).

Combining this result with the polynomial U3-inverse theorem by Gowers,
Green, Manners and Tao [6], one immediately obtains the following corollary:

Corollary 2 (Algorithmic polynomial Gowers inverse theorem). Let v > 0
and let f : FY — [—1, 1] be a function with || f||ys > «y. There is a randomized
algorithm A that makes n?logn/y°10s(/N) queries to f, runs in time O(n®)
and that, with probability at least 2/3, outputs a quadratic polynomial p :
Fy — Fy satisfying |]ExeF3f(:v)(—l)p(w)| > (v/2)¢ where C > 0 is some
absolute constant.

The techniques used in the proof of these results differ significantly from
the earlier approaches in [7, 1]. The earlier QGL algorithms operate by
making constructive each step in the proofs of the U3-inverse theorem that
were known at the time, and the bounds obtained reflected the then-current
state of the art. A similar strategy, however, seems harder to implement for
the recent proof in [6], which is information-theoretic in nature.

Instead, the algorithm in Theorem 1 borrows techniques from quantum
learning theory, in particular those for learning stabilizer states. In fact, this
algorithm may be seen as a “dequantization” of the recent agnostic stabilizer
tomography algorithm of Chen, Gong, Ye and Zhang [4]. The reader is
referred to [3, Section 2| for a mathematical overview of stabilizer states and
the connection between symplectic concepts and quadratic Fourier analysis.
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4.2 Outline of the algorithm

Recall that the characteristic distribution of a function f : Fy — C is the
probability distribution Py over Fy x Fy given by

ROk
Brle.b) = S

Recall also that stabilizer states are the extremizers of the U? norm under L?
normalization:

Stab(Fy) = {¢: Fy = C| ||¢llys = [|f]2 =1}

The algorithm of Theorem 1 operates on the standard symplectic vector
space V = (F2", [,-]). The key mathematical idea underlying this algorithm
is the following fact: the quadratic structure of a function f : F} — C is
reflected on a Lagrangian subspace L < V' that has high characteristic weight
P;(L). Indeed, this quantity provides a natural bridge between the U® norm
of f and its maximal correlation with a stabilizer state: we have

’<f, ¢>| Pf(L) < (M)4. (1>

4
max < max
$EStab(F3) ( ”f”2 ) L Lagrangian ||fH2

(This is proven in [3, Section 2.7|.) By the polynomial U3-inverse theorem
on L? it follows that the maximum Pj-weight of a Lagrangian subspace is
polynomially related to || f||ys/|| f|2-

Crucially, knowing a Lagrangian of high Pj-weight provides significant
information about a stabilizer state that correlates well with f. Indeed, sta-
bilizer states are naturally associated with Lagrangian subspaces: a function
¢ : F5 — C is a stabilizer state iff

A0 (b)| = 11(a,b) for all (a,b) €V

holds for some Lagrangian L = L(¢) < V. This equation determines, for
each Lagrangian L, (scalar multiples of) an orthonormal basis of stabilizer
states; the elements of this basis share the same “quadratic component”, but
differ by a linear phase and a translate. The maximum correlation of f with
an element of this basis is tightly connected to the value of Ps(L):

e (LA . <|<f, ¢>|)2
¢:£<3>=L( ||f|2) B < e Tk ) @
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Suppose then that we can find a Lagrangian subspace L < V with high
Ps-weight. By equation (2) above, it follows that some stabilizer state ¢
in the basis determined by L has high correlation with f. Finally, if the
original function f is L*°-bounded, one can show that any stabilizer state
that correlates well with f can be ‘“rounded” to a quadratic phase function
(—1)7 without loosing much in terms of correlation.

These ideas inform the algorithmic strategy in [2, 3|, starting from a
function f : F} — [—1,1] with || f|[gs > 7

Step 1. Find a Lagrangian subspace L < V with high characteristic weight:
Py(L) > poly(7). Such a Lagrangian exists due to the polynomial U3-inverse
theorem and equation (1).

This is the central step of the algorithm. The intuition here is that, since
P¢(L) is large, one might find a basis for L by sampling many times from P
and keeping only vectors whose pairwise symplectic inner product is zero.
This intuition can be transformed into an efficient algorithm using three key
ideas:

(1) A‘“boosting” argument, which makes it easier to sample elements from L
after randomly projecting f onto suitable subspaces of the form

Viy={9:F5 = Clgle+a) = (- (=1)"*g(x) for all x € F3},

for some ¢ € {1,i,—1,—i} and (a,b) € L. Note that every stabilizer
state in the basis determined by L belong to one such subspace Vafb
for each (a,b) € L, which explains why they are considered. The
parameters determining these good subspaces can be sampled with non-
negligible probability; by repeating the process several times, we will
be able to get them right at least once with high probability.

(i7) The following “uncertainty principle” that relates Pr-weight with isotropy:
for any function f : F§ — C, the set {v € V | Pr(v) > 0.5/2"} is
isotropic. As 2"Pp(a,b) = |A.f(b)|2/||f]|4 can be easily estimated for
any (a,b) € V, this provides an efficient way to decide which of the
sampled vectors to keep for the desired basis of the Lagrangian.

(7i1) An efficient sampling procedure for a suitable probability distribu-
tion sy closely related to Py. In |2, 3], this distribution satisfies s (v) ~
| fII5P * P¢(v), and sampling from it relies on the (linear) Goldreich—
Levin algorithm.
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Step 2. Among all stabilizer states in the orthonormal basis determined
by L, find one that maximizes the correlation with f. For such a stabilizer
state ¢, equation (2) establishes that |(f, ¢)| > poly(7).

This step essentially amounts to Fourier analysis to determine the optimal
“linear part” of ¢ from among all relevant stabilizer states. This can be done
with help from the original Goldreich-Levin algorithm.

Step 3. Find a quadratic function ¢ : F} — F, that “matches” the phase
of ¢, and which satisfies

[Eaery f(2)(=1)"| = [(f,(=1)9)] = [(f,8)*/ V2.

Recall that stabilizer states essentially amount to a quadratic phase func-
tion (—1)?(*) supported on an affine subspace — up to some normalizing factor
v/24 and a linear-like modulation i“™ on the fourth-roots of unity. If one ran-
domly extends the domain of the “quadratic part” p to the whole space F3,
on average the correlation with f does not change; we thus obtain a ran-
domized quadratic function p’ such that [(f, (=1)'i’)| > 2=42|(f, $)| in ex-
pectation. It is not hard to show that the normalizing factor 2%/2 is at most
I llse/1(f, )], from which we conclude that |(f, (=1)"'i)| > |(f, o). Fi-
nally, it is possible to replace the fourth-root modulation i“® by a quadratic
phase (—1)"® while losing at most a v/2-factor in correlation, from which
we obtain the claimed inequality for ¢ = p’ + r. By step 2, it then follows
that |Eze]pgf($)(—1)q(x)| > poly(7).

We note that a more detailed analysis of the algorithm outlined above

guarantees that the output is essentially optimal, rather than merely poly-
nomially strong, thus obtaining Theorem 1.
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5 A sum-—product estimate in finite fields, and
applications

After Jean Bourgain, Nets Katz and Terence Tao [BKT]

A summary written by Jihyo Chae

Abstract

In this summary, we present the proof of the sum—product estimate
of Bourgain—Katz—Tao, stating that any subset A of a prime field F
such that |F|°® < |A| < |F|'*~° satisfies the bound

max(|A+ AJ, |4+ AJ) > c(3)| A",

5.1 Introduction

One of the most studied phenomena in arithmetic combinatorics is the sum—
product phenomenon, which says that the sumset and the product set of a
set in a ring cannot be both small unless the set is close to being a subring.

Bourgain, Katz and Tao [BKT] first discovered this phenomenon in prime
fields, and found its connections to some geometric problems via a Szemerédi-
Trotter type bound. Formally, they proved the following bound on sumsets
and product sets in finite fields. In the following discussion, F' denotes the
prime field of order gq.

Theorem 1. Let A C F be a set such that
[F|” <|A[ < |F['°
holds for some § > 0. Then there exists ¢ = €(0) > 0 such that the bound
max(|A+ AJ, |4+ AJ) = o(5)|Al"**
holds, with ¢(§) being a constant depending solely on 6.

It is worth noting that the same result holds in the regime 1 < |A| <
|[F'|%; see [BGK]. Also, the same bound does not hold for non-prime finite
fields due to the existence of proper subfields. This theorem is interesting in
its own sake as it reveals a fundamental connection between combinatorial
number theory and projection theory. Below, we introduce some ideas and
key machinery of the proof.
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5.2 QOutline of the proof

First, we prove that both A + A and A - A being small implies that for any
multivariate polynomial P(z1,...,x,), the size of the set

P(A,...;A) ={P(ay,...,a,) : ay,...,a, € A}

is strictly smaller than the size of the whole field. This is proved by the
Balog—Szemerédi-Gowers theorem and double counting.

Next, we prove that for any subset A C F satisfying the size condition
|[F|° < |A| < |F|'7, there exists some positive integer d and a polynomial
P, on d variables such that the image of A? under P, equals the whole
field. To prove this, we construct a linear surjection from A* to F and
compress this surjection to be a function from A*~! to F, while A is defined
as p(A,...,A) with p being a simple, given polynomial. By reducing the
rank of this surjection k£ times, we obtain a polynomial P, whose image of
A4 under the map equals F. This technique originates from [EM]. Now we
get a contradiction to the size bound on the polynomial expression of A with
assumed properties, thereby proving Theorem 1.

5.3 Key Lemmas

A key ingredient in the proof of this theorem is the Balog—Szemerédi-Gowers
Theorem, which tells the existence of a large subset with small doubling in
a set with large additive energy.

Lemma 2. Let A, B be finite subsets of an abelian group I with cardinality
|A| = |B] = n and G be a subset of A x B such that both |G| > n*/K and
{a+b: (a,b) € G} < Kn hold. Then there exists A' C A and B' C B such
that both

|A'— B'| < CK%n, |A'|,|B'| > ¢cK %n

holds.

In some cases, we need the following stronger version of the same theorem.

Lemma 3. Under the same assumptions, for any a’ € A and b’ € B, there
exist at least cK~C|A[® solutions (ay, as,as, by, by,b3) € AxAx AxBxBxB
to the equation

a’ — b/ = (CLl — bl) — (CLQ — bg) + (Clg — bg)
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If the underlying group is taken to be (F*,-), we say that we are applying
the multiplicative version of the theorem. These theorems are used to guar-
antee the existence of a large subset A’ C A that satisfies |P(A’,..., A")| <
c| A'['*C"¢ for any multivariate polynomial P with ¢ = ¢(J, €).

Our next ingredient is the Cauchy-Davenport inequality and a variant of
it, which will be used to show the existence of a linear function on k variables
whose image of A¥ under the function equals the whole field, F.

Lemma 4. For any nonempty finite subsets A, B of F,
|A+ B| > min(|A] + [B] — 1,[F).

Lemma 5. Let A, B be nonempty finite subsets of F. Then there exists
& € F* such that

1 1
A+ B¢| > min(=|A||B|, —|F]).
|4+ BE| 2 min(;|Al|Bl, | F)

Next, we introduce some definitions before bringing our last ingredient.

Assume that 1p € Aand |[A-A—A- Al < K|A|.

Definition 6. Let A, B C F. If there exists X C F such that | X| < CK¢
and A C X + B, then A is essentially contained in B, and we write A € B.

Definition 7. If x € F satisfies v - A € A — A, then x is good.

Lemma 8. Let x, y be good elements. Then x + vy, x —y, xy are all good.

5.4 Proof of Theorem 1

In the following discussion, we say = < y if there exists a constant C' such
that # < CK% and x ~ y if both # $ y and y < = hold. Define the dilate
ofaset ACFbyxé€F aszA:={za:a€ A}.

Lemma 9. Let A be a nonempty subset of F' such that
A+ Al |A- Al < K|A|.
Then there exists a subset A’ of A with |A’| > cK~C|A| such that

A A — A A < CKYA).
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Proof. From Lemma 3, there exists C', D C A of size comparable to that of
A such that for any ¢, d € C, D, there exists more than ¢K ~¢|A|> solutions
of the equation ¢ — d = a1 — as + as — as + a5 — ag in A®. This implies that
any element x in (C'— D)-A-A-A/A- A has at least ¢ K~%|A|® solutions
of the equations x = by — by + b3 — by + b5 — bg with each b; being an element
of A-A-A-A/A- A. Plinnecke-Ruzsa type bound on iterated products in
(£, -) gives the estimate |[A-A-A-A/A- Al = |A|, and then we have

(C=D)-(A-A-A)/(A-A)| 3 1A,

from double counting. As C' and D are subsets of A whose size is comparable
of that of A, we observe that size of C'D is also comparable to that of A.
This tells that C', D satisfies the assumptions of the multiplicative version of
Lemma 2. Let the subsets found in this step be denoted as C" and D’. Then
we obtain a size bound on C'D’ — C'D’ by verifying an algebraic identity
and applying combinatorial tools such as double counting and pigeonholing.
Again, the Pliinnecke—Ruzsa type bound and the injectivity of the map x —
ax in F gives us the existence of an element £ € F* such that |[C"ND’¢| ~ |A|.
Taking C' N D'¢ = A’ proves the lemma.

O

By bootstrapping this bound on |A’- A’ — A"- A|, we bound the size of any
polynomial expressions of A’. The following lemma is proved by considering
the collection of monomials A* and performing induction on the degree k.
This induction relies heavily on the fact that good elements are closed under
summation, subtraction, and multiplication.

Lemma 10. Let A be a nonempty subset of F' such that 1p € A and |A-A—
A - Al < K|A| holds for some K. Then for any multivariate polynomial P,
there exists a constant C' that satisfies

|P(A,...,A)| < CKA]

We now prove the existence of a polynomial such that the image of A?
under the map equals F. Let F* := (F'\{0}, ).

Lemma 11. There exists a positive integer k ~ 1/§ and &, ..., & € F* such
that F' = A& + - - - A&.

Proof. We may assume that |A| > 3. Iteratively apply Lemma 5 until we
find &, ..., & € F* such that |A& + - - - + A& | > |F|/10. This is possible as
|A] > |F|°. Applying Lemma 4 O(1) times finishes the proof. O

33



Lemma 12. Let B C F' be a nonempty set and ¢ : B* — F be a linear
surjection. Define B == B - (B — B) + B - (B — B). Then there is a linear
surjection from B¥! to F.

Proof. As |F| is prime and |B|* isn’t, this map ¢ is not an injection and
there exist distinct elements (by, ..., bg), (b}, ...,b}) € B* such that

(by —b)& + -+ (b —0)& =0

holds. Without loss of generality, assume that by # b,. As z — az is a
permutation on F for any a € F*, F = B (by — b)) + -+ + B&(by — b},)
holds. Substuting (by — b},)&x then gives

F=DB&(by+b;—b, —b))+ -+ B _1(bp + br—1 — b}, — br_1)
C B& + -+ Bg.

O

Now we prove the main theorem. Let k& be a positive integer given from
the application of Lemma 11 on the set A, and apply Lemma 12 k times.
Then the image of the polynomial P(A, ..., A), which is found as a linear
function on some polynomial expression of A, equals the entire field F'. This
contradicts the conclusion of Lemma 10.
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6 Stabilizer rank and higher-order Fourier anal-
ysis
After Farrokh Labib

A summary written by Philippe van Dordrecht

Abstract

The paper proves a linear lower bound on the stabilizer rank of the
magic state over finite fields of prime order. This result was known
before only for qubits, in the characterstic p = 2. The proof uses
methods from higher order Fourier analysis

In quantum computing, we are interested in quantum states. These states
can be thought of as vectors in the space CP", where p is a prime. some of
these states exhibit a polynomial structure. Roughly, stabilizer states are
the states that exhibit a quadratic polynomial structure, and a state known
as the "magic state" exhibits a cubic polynomial structure. The stabilizers
can be efficiently simlated on a classical computer, whereas computations
involving the magic state are widely believed to be intractable for classical
computers. So with the introduction of this magic state, we can hopefully
go beyond the power of classical computing, hence the name.

The article [Lab22| investigates something called the stabilizer rank of
the magic state, which is defined as the number of stabilizer states you need
in a linear combination to produce a magic state. The stabilizer rank of
the magic state is proved to be at least linear in n. The best known upper
bounds are of the form 2" where ¢ is some constant with 0 < ¢ < 1, see
for example [Qas21|. Mehraban and Tahmasbi have since proved a quadratic
lower bound on the approximate stabilizer rank [MT24]. It is widely believed
that the stabilizer rank of the magic state is superpolynomial.

Let p be a prime. Let T = R/Z. Let P : Fy — T be a function. We
define the discrete derivative of a function P in direction h as

ApP(z) = P(x + h) — P(x).

The nonclassical polynomials of degree at most d are functions P : F} — T
that satisfy, for all hy, ..., hgit

Ahl ...Ahd+1p($) =0.
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Examples of these functions include the so-called classical polynomials.
These classical polynomials are elements of Fylzy,...,x,] embedded in T
by the function ¢ : x — |z|/p where |- | is the natural map from F, to
{0,...,p—1}. The set of nonclassical polynomials is a strict superset of the
set of classical polynomials. An explicit form of all nonclassical polynomials
was derived by Tao and Ziegler [TZ12].

We will refer to nonclassical polynomials simply as polynomials from here
on out, since we never require a polynomial to be classical.

We can think of the polynomials as vectors in a p™ dimensional vector
space over C, by considering the exponential map e : T — C. This exponen-
tial map can be defined as

where the e on the right hand side is Euler’s number. This allows us broaden
our view to functions that take values not just on the unit circle, but on the
entire complex plane. For functions f : F) — C, define the multiplicative
discrete derivative in direction h € F) as

onf(z) = flz+h)f(z).
Then we see that
6(AhP) = 5h€(P)

Definition 1. The function f : F, — C is called a stabilizer if f is of the

form
fla) = ,/%mme(w»

mn

b, and Q) is a polynomial of degree at most

where H is an affine subspace of F
2.

The terminology comes from quantum computing, where the stabilizer
states play an important role in for example quantum error correction.

Another important state that we consider in quantum computing is the
magic state. For the sake of brevity we will only define it for p = 2, but there
are analogues for all primes p.
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Definition 2. The magic state ¢ : Fy — T is defined as

U(x) = e((loa] + -+ + |zal)/8)

This is an example of an exponent of a polynomial of degree 3 that is not
classical.

6.1 Notions of rank

Definition 3. The d-rank of a function P : Fy — T, denoted ranky,(P), is
defined as the minimal number v such that there exists a function I' : T — T
and polynomials Qy, ..., Q, of degree at most d — 1 such that for all x € F,

P(z) =T(Q:i(x),...,Q(x)).
The rank of a polynomial of degree d will mean d-rank of this polynomial.

Definition 4. The Fourier d-rank of a function f : F} — T, denoted
frank,(f) is the minimal number r such that there exist polynomials gy, . .., g,
of degree at most d — 1 and complex numbers ci, ..., c,. such that

e(f) = Z cie(9:)
i=1
The following proposition shows that if P has low d-rank, then it must

correlate with some degree d — 1 polynomial.

Proposition 5. Let d > 2 and P : F); — T a nonclassical polynomial with
r = ranky(P). Then there exists a polynomial Q) of degree at most d—1 such
that

l(e(P),e(Q))] > p~F =D/ (=1

The following lemma is an immediate consequence of the definitions.

Lemma 6. Let P: Fy; — T be a polynomial and d > 2. Then frank,(e(P)) >
ranky(P).

The stabilizer rank is very similar to this definition, only now we replace
the nonclassical polynomials with stabilizers.
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Definition 7. The stabilizer rank of a function ¢ : F) — C is the minimal
number r such that there exist stabilizers ¢1,...,¢, and complex numbers
C1y...,Cr such that

Y= Z Ci®;
i=1

Theorem 8. Let p be a prime and let b : F) — C be the magic state over
F,. The stabilizer rank of ¢ is Q(n).

6.2 Sketch of the proof

Let P : F, — T be defined as P(z) = (|z1] + -+ + |z,])/8. A relatively
straightforward calculation, done in Proposition 4.2 in [Lab22|, shows that
there is a constant ¢ > 0 such that for any nonclassical polynomial @) of
degree at most 2,

[(e(P),e(Q))] <27,

Since the magic state correlates so poorly with degree 2 polynomials, by the
contrapositive of Proposition 5, it must have rank Q(n).

Now we assume that the stabilizer rank of e(P) is at most 7. Then there
exist for all ¢ € [r] a complex number ¢;, a quadratic polynomial @; and an
affine subspace H; C IF;}.

e(P) = Zcie(Qi)lHi

Now Claim 5.1 in [Lab22| lets us find a subspace U such that there is a
set S C [r] such that for i € S, U is a subset of H; whereas for i ¢ S, U is
disjoint from H;. Therefore, letting P’ be the restriction from P to U, we
will find that

e(P) = ZCZE(Q;),

€S

where for all i, @} is equal to @); up to an affine linear transformation of the
input. This implies that the Fourier 2-rank of P’ is at most |S|, which is at
most 7.
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By Lemma 3.11 from |[Lab22|, since P’ is the restriction of a rank Q(n)
polynomial of degree 3 to an affine subspace that is not too small, P’ is still
cubic and still has rank (n). Therefore, we have found that

r > franky(P') > ranky(P') = Q(n),

which completes the proof.
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7 The inverse theorem for the U? Gowers uni-
formity norm
on arbitrary finite abelian groups: Fourier-
analytic approach

After A. Jamneshan and T. Tao [JT|

A summary written by Ferran Espuna

Abstract

We outline Jamneshan and Tao’s Fourier-analytic proof of their
quantitative U3 inverse theorem for arbitrary finite abelian groups.

7.1 Introduction

Earlier talks linked Gowers norms to arithmetic progressions. In particular,
Talk 10 bounded four-term progression counts by the U? norm |[Go|. Es-
sentially, if A is a subset of a finite abelian group G with density a and
no nontrivial four-term arithmetic progressions, then its balanced indicator
function f = 14 — « has large U norm, and the inverse theorem turns this
into a structural description of f, which feeds back into a density increment
argument in . The theorem below is uniform in G. Earlier proofs covered
odd-order groups |GT, Theorem 2.7] and G = F} [S, Theorem 2.3], but relied
on features unavailable in arbitrary torsion.

Write G = Hom(G,R/Z), £ - x = &(x), and e(f) = €™, For a finite
S C @, put

lz]ls = sup 1€ - llejz,  Bohr(S,p) = {z € G :lz]ls < p}.
€

A Bohr set is regular if a small relative change in its radius produces only a
comparably small relative change in its cardinality. For a map ¢ : U — H,
where U lies in an additive group, define its additive derivative by 0y¢(z) =
¢(x) — ¢(x — h) whenever both terms are defined. The map is locally linear if
every second derivative vanishes on its natural domain, and locally quadratic
if every third derivative does.
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Theorem 1 (Locally quadratic inverse theorem, Theorem 1.6 of [JT]). Let
G be a finite abelian group, let 0 <n < 1/2, and let f : G — C satisfy |f| < 1
and || f|lus) = n. Then there are a reqular Bohr set Bohr (S, p) satisfying

1

S| < W, exp(—n W) < p < —,

100
a locally quadratic map ¢ : Bohr(S, p) — R/Z, and a map £ : G — G such

that
EmGG ’EhEBohr(s,p)f(x + h)e(_¢<h) - f(fﬂ) ’ h)| > 770(1)-

Two algebraic black boxes enter near the end: globalisation of a locally
bilinear form on a lifted group Gg, and integration of a symmetric global

bilinear form to a quadratic map. They are stated when used. Suppressing
averages and auxiliary 1-bounded factors, the obstruction evolves as

Apf(z)e(=&n-x) ~  flz+h)e(=M(h)-x)
v flathtke(=B(hk)  ~ [z +2)e(=(2))
v flo+z)e(=o(z) — €(x) - 2).

Sections 7.2-7.4 pass successively to M, to a symmetric local form B and its
global lift, and to ¢ and the final frequency.

7.2 Extracting a locally linear frequency map

For the remainder, G, f,n are as in Theorem 1, and b(-) denotes a changing
1-bounded function. The identity

||f||8U3(G) = IEheG||Ahf||4U2(G)a Apf(x) = flz+h)f(z),

combined with the U? inverse theorem and averaging shows that for many
increments A there is a frequency &, € G such that

[EsecAnf(x)e(—&, - z)| > n°W.

We call such increments h good. At this stage &, may depend arbitrarily on
h; the next lemma organises the family into one locally linear map.

Lemma 2 (Locally linear frequency map, Lemma 2.5 of [JT|). There are a
reqular Bohr set Bohr(S, p) with |S| < n=%W and 1 < p < 1/8, and a locally
linear map M : Bohr(S,2p) — G, such that

E  sec b(h)b(x)f(x + h)e(=M(h) - z)| > n°W.

heBohr(S,p)
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ForI' = {(h,&,)} C Gx G , additive quadruples encode the same relations
among the chosen frequencies as among their good directions.

Cauchy—Schwarz supplies many such quadruples. The theorem of Balog,
Szemerédi and Gowers isolates a large piece, while Pliinnecke controls its
iterated sums and differences. After a refinement, 41" — 4I"” is still a graph
|GT, Propositions 5.1, 5.4, and 9.1|. Here

A" — A" ={yn+-4+u—p——w:m e’}

Saying that this set is a graph means that projection onto G is injective: if
two such signed sums have the same first coordinate, then they also have the
same frequency coordinate. Thus the resulting frequency depends only on
the combined increment, not on how that increment is represented.

Bogolyubov places a bounded-rank Bohr set in the projection of 2I'" —
2I'" |GT, Lemma 6.3]. Consequently, each h in this Bohr set has a unique
frequency M (h) with (h, M(h)) € 21" — 2T"". If hy, ho, hy + hy all lie in the
Bohr set, then

(hl, M(hl)) + (hg, M(hg)) and (hl + hg, M(hl + hg))

may both be viewed as elements of 41" — 41" with the same first coordinate.
The graph property therefore gives M (hy + hy) = M (hy) + M (hsy), which
is precisely local linearity. Regularisation and pigeonholing then recover the
displayed correlation |GT, Proposition 9.3]. M replaces the unrelated &,
while b absorbs the other factors: the phase is now linear in x and locally
linear in h.

7.3 Symmetrising and globalising the bilinear obstruc-
tion

For U in an additive group and H another, a map B : U x U — H is locally
bilinear if it is additive in each variable whenever all points involved lie in
U, and symmetric if B(h,k) = B(k,h). Normalise M(0) = 0 by absorbing
the constant frequency into b(x). Then local linearity makes M (h) - k locally
bilinear, and averaging over a second increment exposes this phase. The next
lemma symmetrises it so that it can be a quadratic second derivative.

Lemma 3 (Symmetric locally bilinear form, Lemma 2.6 of [JT]). There are
a reqular Bohr set Bohr(S, p) with |S| < n7°W and n°M <« p < 1/8, and a
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symmetric locally bilinear map
B : Bohr(S,2p) x Bohr(S,2p) — R/Z

such that

E e bla, h)b(x, k) f(z+h+k)e(—B(h,k))| > n°W.
h,keBohr(S,p)
The symmetry argument of [GT, Lemma 9.4|, with the odd-order factor
2 omitted, makes D(y, z) = M(y) -z — M(z) - y uniformly small on a smaller
Bohr set. Its small real lift d(y, z) is locally bilinear, so the midpoint

B(y,z) = M(y) -z — 3d(y,z) = M(z) -y + 3d(y, z) (mod 1)

is symmetric and locally bilinear. Averaging Lemma 2 after small shifts
in h and x, then expanding M, leaves the coupled phase M(y) - z; one-
variable terms enter b. Replacing it by B(y, z) and pigeonholing gives the
displayed correlation. The obstruction is now the fixed symmetric bilinear
phase e(—B(h, k)), but it is defined only on a Bohr set. For S C G, introduce

Gg = {(:U,Q) cG xR (- 2)ees =0 (mod ZS)} , 10||rs = sgug AP
S

Lemma 4 (Globalising a locally bilinear form, Lemma 2.2 of [JT]). Let G
be a finite abelian group, S C G, and 0 < p < 1/2. If B : Bohr(S, p)* — H
is locally bilinear, then there is a globally bilinear map B : G% — H such that

B((z,0), (y,0)) = B(z,y) whenever ||0gs, ||o|rs < exp(—=C|S|%)p for some
absolute C > 0. If B is symmetric, B may also be chosen symmetric.

The lift is essential: even for a cyclic group, a locally bilinear form need
not extend to G [JT, Example 2.3]. Apply Lemma 4 to the form above,
with H = R/Z and 2p as the input radius, and set py = exp(—C|S|%)p.
For h € Bohr(S, py), let h = (h,6,) € Gg be its canonical small lift, so
that [|6p|lgs < po. The conclusion is a symmetric globally bilinear map
B : G% — R/Z satisfying

B(h,k) = B(h,k)  (h,k € Bohr(S, po)).
Thus, on the smaller Bohr set, the phase e(—B(h, k)) is literally the restric-
tion of the global bilinear phase e(—é) on GGg. Global bilinearity is what
allows the next lemma to integrate the obstruction.
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7.4 From bilinear structure to quadratic correlation

Lemma 5 (Integrating a symmetric bilinear form, Lemma 2.4 of [JT]). Let
G be a finitely generated abelian group.

(i) If B : G x G — R/Z is symmetric and globally bilinear, there is a
globally quadratic map ¢ : G — R/Z satisfying ¢(x +y) = ¢(x) +
o(y) + B(x,y) for every z,y € G.

(i1) Suppose in addition that G is finite, S C @, and p > 0. If
B : Bohr(S, p)* — R/Z

is symmetric and locally bilinear, then there is a radius p' satisfying
exp(—|S|°M)p < p’ < p, and a locally quadratic map ¢ : Bohr(S, p') —
R/Z for which ¢(x + y) = ¢(x) + ¢(y) + B(x,y) whenever z,y €
Bohr(S, p'/2). Moreover, ¢ has a globally quadratic lift ¢:Gg — R/Z
such that (Z(;E, 0) = ¢(x) whenever ||0||rs < p'.

Part (ii) records exactly this lift-integrate-restrict argument. Applied to
Lemma 3, it rewrites the obstruction as the second derivative of a locally
quadratic map ¢:

B(y,z) = oy + 2) — d(y) — é(2).

Average Lemma 3 after (h,k) — (h+ y + 2,k — y); regularity controls
the error. Bilinearity leaves as the only coupled y, z-phase e(B(y,z)) =
e(op(y + z) — ¢(y) — ¢(z)). The first two factors enter b, leaving e(—¢(z)).
Setting ' = = + h + k and pigeonholing h, k gives, on regular Bohr sets
By C By chosen so that |By + Bs| < |By],

E pea b(a',y+2)b(2,y)f(a’ + 2)e(=¢(2))| > n°D.

y€l5’17 2€By

For many 2, the corresponding (y, z)-average is large. The local Fourier
lemma [GT, Lemma 4.4] converts this final two-point obstruction into a
Fourier coefficient: it supplies a frequency &(z') for which f(z'+ 2)e(—¢(z) —
£(2') - z) has large mean on B,. Averaging over z’ gives Theorem 1.
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8 A new proof of Szemerédi’s theorem for arith-
metic progressions of length four

After W. T. Gowers [1]

A summary written by Benjamin Gillott and Fredy Yip

Abstract

We give a summary exposition of Gowers’s improvement of the
bound for Szemerédi’s theorem for arithmetic progressions of length
four.

8.1 Introduction

Szemerédi’s theorem asserts that for any real number § > 0 and positive
integer k, if a positive integer N is sufficiently large with respect to d, then
any A C [N] of at least 0N elements contains a non-trivial k-term arithmetic
progression (“k-AP”). In other words, Szemerédi’s theorem is the density ver-
sion of Van der Waerden’s celebrated theorem on monochromatic arithmetic
progressions.

A quantitative question remains, namely how large does N need to be for
a given choice of §. Prior to the work of Gowers, the best known dependency
of N on 6! is wowzer-type even in the special case where k = 4. On the other
hand, the Fourier-analytic method of Roth for the first non-trivial case k = 3,
which predates Szemerédi’s work, yields a much sharper double exponential
upper bound.

Theorem 1 (Roth’s theorem [3]). Every subset A C [N] which avoids non-
trivial 3-APs contains at most O(N/loglog N) elements.

Roth’s proof of Theorem 1 introduced the now classical framework of
density increment. His argument leveraged a dichotomy of randomness and
structure. For a “uniform” subset A of [N] with 6 N elements, Roth showed
that the number of 3-APs in A is, in fact, approximately 6°N?, as one would
expect if elements of A were randomly chosen. On the other hand, when A
is not “uniform”, Roth showed that one may instead restrict to an arithmetic
progression P C [N] on which A is denser, and iterate the argument.
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One major difficulty of adapting Roth’s argument for 3-APs to the setting
of avoiding non-trivial 4-APs was identifying the correct notion of “unifor-
mity”. Gowers’ introduction of quadratic uniformity allows this scheme of
density increment to be executed in the case of 4-APs, albeit requiring sig-
nificantly more intricate arguments.

Theorem 2 (Theorem 20 of [1]). Every subset A C [N] which avoids non-
trivial 4-APs contains at most N/(loglog N)*Y) elements.

8.2 Quadratic uniformity and Gowers uniformity norms

We shall work over Z/NZ instead of [N], which offers a slightly more con-
venient setting for some of our tools. However, we must be careful to ensure
that the arithmetic progressions we identify in Z/NZ are genuine, that is,
they are in fact arithmetic progressions in [/N]. This applies to both the 4-
APs we identify within A, and the eventual densification step. In either case,
the requisite argument is standard and will not be the focus of this summary.

Without loss of generality, we assume that N is a sufficiently large prime
number. We fix w = wy = exp(27i/N) to be a primitive Nth root of unity.

We identify a set A with its indicator function ¢ = 14. The number of
k-APs in A may then be expressed as

> gla)gla+d)---gla+ (k- 1)d). (1)

We may model a random set of N elements by the constant function ¢, in
which case the above count gives 6* N2. This is the expected number of k-
APs, should A be sufficiently “uniform”. In order to study the deviation of 14
from the constant function modelling a random set, we define the balanced
function of A to be fa := 14 — d, where § = |A|/N is the density of A. A
notion of uniformity then corresponds to a sense in which f, is small.

For a polynomial P, we call w’ a polynomial phase of degree deg P.
An example of an obstruction to uniformity comes from the correlation with
polynomial phases of degree at most k—2. More precisely, if f4 is sufficiently
well correlated with a polynomial phase w? of degree at most k — 2, then
the k-AP count within A may deviate significantly from that of the random
model.
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In the case of Roth’s theorem, where k = 3, this obstruction of correla-
tions with linear phases translates to ¢, bounds on the Fourier transform

E(T) =E;wz/nz (W_mfA(iﬂ))

of f4. The lack of correlation with linear phases is captured by Fourier
uniformity under the norm f4 — || fallco- We call a set A linearly uniform if

[ Fallss = o(1).

In other words, H}ZHOO is small relative to the trivial upper bound of 1. In
general, uniformity is defined with such qualitative conditions. This ensures
that the failure of uniformity produces a significant deviation from the ran-
dom baseline which may then be used to produce a density increment.

It turns out that this notion of uniformity suffices to ensure that the 3-AP
count given by (1) lies within o(N?) of the random §°N2.

For longer arithmetic progressions, one may consider generalisations of
this argument by studying the correlation of f4 with higher-degree phases.
However, these methods only produce bounds of the form §*N? + o( N*~1),
which are wholly insufficient when k > 4.

In other words, for k£ > 4, controlling the correlation of f4 with phases of
degree at most k — 2, whilst necessary, is not sufficient.

Gowers’s introduction of uniformity norms in [1] (and later in full gener-
ality in [2]) addresses this problem.

For a function f : Z/NZ — C, and an element y € Z/NZ, let A, f denote
the function given by

Ayf(x) = fl2)f(z —y).

Note that A, for y € Z/NZ defines a family of commuting operators. A
key property of these operators is that for any y # 0, A, reduces the degree
of a polynomial phase by one. Therefore, for any choice of £k — 1 non-zero
elements yi,...,yp—1 in Z/NZ, the function A,, ---A,, | f is the constant
function 1 if and only if f is a phase of degree at most k — 2. To capture
this behaviour, Gowers [2] defined the (kK — 1)th uniformity norm Uy_; of a
function f : Z/NZ — C as

Qlfk
HfHkal = (Em,yl,nwyk&Ayl T Aykflf(x)) .

Relative to an ¢, uniform control on the correlation of f4 with polynomial
phases of degree at most k£ — 2, the uniformity norm Uy_; captures the syn-
ergy between numerous individually small correlations with these polynomial
phases.
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We call a set A Uj_;-uniform if

[fallvi_, = of1).

Here we again demand that || f4||y,_, is small with respect to the trivial upper
bound 1.

To see how the Gowers uniformity norms generalise Fourier uniformity,
we note that when k£ = 3, the relevant uniformity norm U, is given by

1 llve = BargaBn By f (@) = 11 f -

Therefore, by the monotonicity and log-convexity of ¢, norms, Us-uniformity
is equivalent to Fourier uniformity.

The introduction of Uy_;-uniformity allows Roth’s density increment scheme
for k£ = 3 to be extended to the case where &k > 4. In particular, the k-AP
count in a Ug_j-uniform set A of N elements may be shown to lie within
o(N?) of §¥N?%. The difficulty in completing this argument lies in extracting
structural information when A fails to be Uj_;-uniform. Results establish-
ing such structure are now known as inverse theorems for Gowers uniformity
norms. Following Gowers [1], we shall focus on the first non-trivial case
k= 4.

For 4-APs, the relevant uniformity norm Us is given by

I fllos = (Ez,yhyz,ysAyl Ayszsf(x))l/S .

We call a set A C [N] quadratically uniform if it is uniform with respect to
the Uz norm. Since

1/8
1Fllos = Byl A, F11E) S

a set A is quadratically uniform if and only if A, f4 is Fourier uniform for
N — o(N) choices of y € Z/NZ.

8.3 4-AP count

We need to show that a quadratically uniform set contains the expected
number of 4-APs. To do this, we prove the following lemma. Since N

is a sufficiently large prime, all linear maps we consider from (Z/NZ)* to
(Z/NZ)* will be invertible.
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Lemma 3. For any four functions, fi, fa, fs, fa, from Z/NZ to C we have
the following:

[Ea.afi(a)fala+ d) fs(a+2d) fa(a + 3d)| < [[fall2l| fal l2[| f3[us || fal o

We will prove an analogous statement for 3-APs instead since it demon-
strates the way one uses Cauchy-Schwarz and is shorter.

Proof of the 3-AP version. First we apply Cauchy-Schwarz to the expecta-
tion over a in

Eofi(a)Eaf2(a + d) fs(a +2d)|
to get an upper bound of
(Ealf1(@)[) 2 (Ba[Bafola + d) fa(a + 2d)*)'72.

The first term is || f1]|2. We expand out the square in the second term to get

(EqcEofo(a + d) fs(a+ 2d) fo(a + €) fs(a + 2¢))'/2.
We change the coordinates to (z,y,2) = (a + d,a + 2d,d — e).

(E-Eofo(2) oz — 2)Ey fa(y) foly — 22))'/
Now we apply Cauchy-Schwarz to the expectation over z to obtain
(B.|Eq fo() folw — 2)[)/*

And the same term for f3 but with 2z. This is the Uy norm. So putting it
all together we get that

[Eo.afi(a)fala+ d) fs(a+ 2d)| < [[frlla]] f2llvs S50

]

One can prove the 4-AP version with a similar argument. The first step
is the same. After expanding, we control the more complicated term using
the 3-AP version that we have just proved.

Let A be quadratically uniform with density d, and let f4 be its balanced
function. The proportion of 4-APs in A is

Eoa(d+ fa(a))(d+ fala+d))(6+ fala+2d))(0 + fa(a+ 3d)).

This expands into 16 terms. The main term is 6*. The five error terms
containing at least three copies of f4 can be bounded above by ||fal|vs, since
|| fall2 < 1. The other error terms can be seen to be zero using the fact that
E,f4(z) = 0. Thus, the proportion of 4-APs in A is between §* — 5|| fal|v,
and 6* + 5| fal|vs-
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8.4 Density increment

This part of the proof is the most involved and contains most of the technical
details. We obtain a density increment by proving an inverse theorem. We
take a bounded function f with ||f||y, > « and obtain some structural
information about f. For the purposes of a density increment, we will need
the structural information that we obtain to be applied to f4 to reveal an
arithmetic progression P of length at least N7 such that |[ANP|/|P| > 0+,
where € and v depend only on a.

What we show is that there is a uniform multicover of Z/NZ by arithmetic
progressions (); of length at least N7 and a choice of quadratic polynomials
p; such that f correlates with w?(™ on Q;, on average. Precisely, this means
that

EilEscq,/ (2)w®)] > ¢

for some € depending only on §. This is not an ideal inverse theorem, since
it does not “go both ways”, by which we mean that a function satisfying the
conclusions of the inverse theorem must have a large Us norm. However, it is
enough to deduce a density increment in a way similar to the proof of Roth’s
theorem.

In this overview, we suppress the dependencies of the constants in order
to focus on the main ideas. Thus, we use ¢ and C' to denote constants that
depend only on .

e The first step is to use the fact that the Uy norm of A,(f) must be large
somewhat often. This is equivalent to A,(f) having a large Fourier
coefficient somewhat often. Thus, we can define a function ¢ from

Z/nZ to m such that

E|A.f(é(a))| > c.

This implies that ¢ must have a lot of structure. By applying Cauchy—
Schwarz many times along with orthogonality of characters one can
deduce that the graph (x, ¢(x)) has many additive quadruples.

e The second step is to use Balog—Szemerédi-Gowers [1| to show that
there is a subset B of [N] such that the graph of ¢, T' = (x, ¢(x)),
restricted to B has a doubling constant of at most C' and |B| > ¢NN.
We let I'p denote the restriction of the graph to B.
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e One now uses Freiman’s theorem, with Ruzsa’s proof [4], on sets with
small doubling in Z? to obtain an arithmetic progression P in Z?2 of
length at least N such that [T’z N P| > ¢|P|. This means that there is
a linear function A and an arithmetic progression in Z, P of length at
least N¢ such that -

Eecpl B f(M@))? > .

e The last step is to expand this expression and perform manipulations
to obtain the conclusion. The arithmetic progressions in the covering
are the translates of P.

Many important details have been omitted. In particular, obtaining a
density increment from this weak inverse theorem requires further ideas and
the manipulations in the last step deserve more attention. We hope this
overview of the density increment step is enough to give one an idea of the
combinatorial ideas which drive the inverse theorem.
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9 Poorly-distributed polynomials over finite fields
are low-rank

After B. Green and T. Tao [GT09]

A summary written by V. Gladkova

Abstract

Higher-order Fourier analysis over a finite field F concerns itself
with measuring bias of functions with respect to polynomial phases,
typically over partitions of F" defined by polynomials of bounded de-
gree. In order to leverage information about bias for the purposes of
counting solutions to linear equations, it is important to understand
the structure of the underlying partition. In this talk, we will see that,
for fields of sufficiently high characteristic, a collection of polynomials
defines approximately an equipartition of F”, unless the polynomials
have ‘low rank’, meaning that the collection can be expressed in terms
of a bounded number of lower-degree polynomials.

9.1 Introduction

Given a function P : F" — F and an h € F", define the additive derivative
Dy, of P as Dy(P)(xz) = P(x + h) — P(z). By analogy with real analysis,
polynomials over F in n variables can be defined as precisely those functions
P that satisfy

Dhl...th+1PEO (1)

for all choices of hy,...,hgr1 € F". The smallest such d, if it exists, is the
degree of P, and we will write P4(IF") for the set of all polynomials of degree
at most d.

One can check that when char(F) > d, P4(IF") looks precisely as one
would expect, meaning that all such polynomials are linear combinations of
monomials 7' ... 2% with iy,...,4, € {0,...,F — 1} and > 4; < d.

Fun fact: These are so-called classical polynomials. For lower character-
istics, the class of functions defined by (1) is somewhat broader and includes
non-classical polynomials. You can find out more about these in [TZ12], but
[GT09] only deals with classical polynomials as they assume char(F) > d
throughout.
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Definition 1. For j € {0,...,p — 1}, write ep(j) = e2™/IFl. A function
f " — C is called a polynomial phase of degree d if there is a polynomial
P :F" = F of degree d such that f(z) = ep(P(z)).

Recall that in Fourier analysis, the Fourier transform is precisely the bias
of a function with respect to a polynomial phase of degree 1, i.e. a linear
phase:

f(r) = Bpern f (z)er(r"),

A function is considered Fourier-uniform if it has low bias with respect to all
non-zero linear phases. It would be natural to define higher-order uniformity
as a lack of bias with respect to all polynomial phases of some degree d.
Indeed, there is a norm for measuring this quantity.

Definition 2 (Weak Gowers norm). Given a function f : F* — C and an
integer d > 0, the weak Gowers norm || f||,a+1 of f is defined as

[ les = e Boean f()ex(P(@))

In other words, it is the mazximum correlation of f with a polynomial phase
of degree at most d.

However, for technical reasons, this norm is rarely used directly in ap-
plications. Instead, we typically use a proxy quantity, known as the Gowers
uniformity norm — this is closely related to the weak Gowers norm via the In-
verse Theorem for Gowers Uniformity Norms and will be (or will have been)
expanded upon in other talks.

Another object that is central to higher-order Fourier analysis is a type
of partition called a polynomial factor.

Definition 3 (Polynomial factor). Given non-negative integers My, ..., My
and a collection of polynomials (P;;)1<i<di<j<m; where P,; € Pi(F") for
every (i,7), define the evaluation map ® : F* — FM x ... x F} by set-
ting ®(x) = (P;;(x)):;. A polynomial factor F of degree d and dimension
dim(F) = > M; is a partition of F™ into the level sets of ®. These level sets
are referred to as atoms and have the form {x € F" : ®(z) = ¢}, for each
ceFM x ... xFY.

Given two factors Fy and Fo, we will write F; = Fo to mean that F;
refines Fo.
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Note that a polynomial factor of degree 1, or linear factor, is simply a
partition of F" into cosets of some subspace, which is precisely the type of
partition given by the (linear) arithmetic regularity lemma. In particular, a
linear factor is an equipartition, as all cosets have exactly the same size.

However, in general, the atoms of a polynomial factor may vary in size
considerably, including being empty, which is not ideal for counting purposes.
To understand what collections of polynomials lead to more or less equally-
sized atoms, we consider the notion of rank.

Definition 4 (Rank of a polynomial). Fiz d > 0, and let P : F* — F be a
function. The degree-d rank of P, denoted by ranky(P), is the least integer
R >0 (if it exists) for which there are polynomials Q1, . ..,Qr € Py(F") and
a function F : TR — F satisfying

P(z) = F(Qi(z),. .., Qr(z))
for all x € F™. If such an integer R does not exist, ranky(P) = oc.
Example 5. The degree-0 rank of P is 1 if P is constant and oo otherwise.

Example 6. When P is a quadratic polynomial, it can always be written in
the form P(x) = T Mx + L(x) where M is an n X n matriz and L is a linear
function. Then the degree-1 rank of P is at most the matriz rank of M plus
1 (to account for L).

Remark: If P is a polynomial of degree d + 1 that has low degree-d rank, it
means that P can be expressed in terms of a small number of lower-degree
polynomials. In some way, such a polynomial is not ‘truly’ degree d + 1.

What makes high rank a desirable property is that it ensures that polyno-
mial ‘Gauss sums’, expressions of the form |E,cpnep(P(x))|, are small. Recall
that when P is a linear polynomial, this quantity is 1 if an only if P is a
constant, i.e. ranky(P) = 1, and is zero otherwise (when rank,(P) = o0).
It is also not hard to check that when P(x) = z'Mx + L(z) is a quadratic
polynomial, |E,cpner(P(z))] < |F|7722k(M)/2 " which approaches zero as the
degree-1 rank of the polynomial grows (see Example 6).

In |[GT09], Green and Tao show that for finite fields of high enough char-
acteristics, this pattern continues holding for polynomials of higher degree.
This is the main theorem of the paper and the talk.

Theorem 7 (Lack of equidistribution implies bounded rank [GT09]). Let
0<d<|F| and 6 € (0,1]. Suppose there is a polynomial P € Py(F"™) such
that |Eyepner(P(x))] > 0. Then rank, 1(P) < Ops4(1).
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Before saying anything about the proof, it is worth noting how Theorem
7 relates to the earlier assertion that atoms of a high-rank polynomial factor
are all approximately the same size. Indeed, first, one has to define what it
means for a polynomial factor to have high rank.

Definition 8 (Rank of a polynomial factor). Let d > 0 be an integer and
let I': Z>o — Rs( be a non-decreasing function Suppose }" 15 a polynomz’al

Syl ) >

We will say that F is F-regular if
rank;_; Zx\” ) > F(dim(F))

foralll <i<d and all N\;1,...,\im, €F not simultaneously zero.

It is not hard to show that for a function F' that grows sufficiently fast, F-
regular polynomial factors are approximately equipartitions, provided Theo-
rem 7 holds.

Corollary 9 (Lemma 4.1 of [GT09]). Let d > 1 and € € (0,1]. Suppose
Theorem 7 holds for all degrees up to d. Then there exists a non-decreasing
function F' : Z>o — Rs( such that if F is an F'-regular polynomial factor of
degree d, then every atom A of F satisfies

1

Eiernla(z) — ] @) <e

In other words, all atoms of F are approzimately the same size

Proof sketch. Write D = dim(F). Recall that A = {z € F™": &(z) = ¢}
for some ¢ € FP, and observe that 14(z) = Eycpoep((®(z) — ¢)'\) since
L()) = (®(z) — ¢)T ) is a linear function for a fixed z. Then

Ezcpn ﬂA(x) = EAE]FDEmeIF"eJF((D( )T/\)
===+ == E cpner(P >\)
D D
- 2

The first term comes from A = 0 and the second term can be made as small
as necessary by choosing F' to grow sufficiently fast, by Theorem 7. O

56



The proof of Theorem 7 itself is by induction on the degree, and will
utilise the following lemma due to Bogdanov and Viola [BVO07].

Lemma 10 (Bogdanov-Viola, Lemma 25 of [BVO07]|). Let d > 0 be an integer
and 6,0 € (0,1]. Given a polynomial P € Py(F"), if |Ezerner(P(z))| > 9,
then there is a function P : F" — F with ranky_,(P) < |F|/6%c such that P
and P disagree on at most a o-proportion of F".

Note that ranky_;(P) < |F|/6%c implies that P is constant on the atoms
of some polynomial factor F of degree d — 1 and dimension at most |F|/6%c,
i.e. P is F-measurable. The missing step is a lemma that shows that if a
polynomial P agrees with such a P almost everywhere, then P itself must
be low-rank.

Lemma 11 (Proposition 5.1 of [GT09]). Let d > 1 be an integer and o4 > 0
a small quantity to be specified later. Suppose that F is an F-regqular polyno-
maial factor of degree d — 1 for some non-decreasing F' that grows sufficiently
fast in terms of d. Suppose further that P € Pqy(F™) and there exists an
F-measurable P : F* — F such that P and P disagree on at most a o4-
proportion of F". If Theorem 7 holds for all degrees up to d—1, then P itself
18 F-measurable.
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10 Quadratic Fourier analysis and stabilizer test-
ing

After S. Arunachalam and A. Dutt [AD25], Z. Bao and P. van
Dordrecht and J. Helsen [BvDH25]|

A summary written by Isaac Holt

Abstract

We give an outline of the proof of the U? inverse theorem for quan-
tum states based on the work of [BvDH25] and [AD25|, and explore
an application of this result to tolerant testing of stabiliser states.

10.1 Introduction

Stabiliser states are important class of quantum states, as the outputs of
Clifford circuits. A wealth of literature exists around property testing of sta-
biliser states. Property testing is central framework in theoretical computer
science, in which we are given some form of access to an object X belonging
to a space X, and we want to determine whether X € P or X is e-far from
P according to some distance metric, where P is a given subset of X. Given
that processes on real-world quantum computers are subject to noise, a more
physically realistic task is tolerant stabiliser property testing, where we are
promised that either a quantum state |1) is €1-close to a stabiliser state or is
eo-far from all stabiliser states. Previous tolerant stabiliser testing algorithms
required €; to be at least some absolute threshold; however, the recent break-
through of the polynomial Freiman-Ruzsa theorem means tolerant stabiliser
testing can be performed efficiently for any e; < poly(e;).

10.2 Preliminaries

An n-qubit Clifford circuit/unitary is a quantum circuit can be written as a
combination of Hadamard, CNOT and S gates. An n-qubit stabiliser state
|S) is any quantum state which is the output of an n-qubit Clifford unitary
applied to the all-zeros state [0").
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Stabiliser states can be characterised as non-classical quadratic phase
functions supported on an affine subspace of F7:

1
|S) = — Z (—=1)9@4®) ) for every stabiliser state |S),

\% ’V’ r€a+V

where a € F, V is a subspace of F, ¢ : F} — Ty is quadratic and ¢ : F} — Fy
is linear. This suggests that a quantum notion of Gowers U3 norm (which
measures how close a function is to being quadratic) may be useful in the
context of stabiliser testing.

Indeed, the definition of the Gowers U3 norm of a quantum state [¢)) =
> _sery [ (@) |7), introduced in [AD25], is defined by

1 115s = 2"+ Evapeery f(2) (2 + a) f(z + b) f(a + )

ie. ||[¢llus = 22| f|lus. It is fairly straightforward to show that [[1)]|ys = 1
if and only if |¢) is a stabiliser state. Thus, if we can estimate the U® norm
of |¢), then we can test (non-tolerantly) whether |¢)) is a stabiliser state.
The U? inverse theorem is essentially a robust version of this result: if ||¢) ||y
is large, then |¢) is close to a stabiliser state. The notion of “closeness”
is captured by the stabiliser fidelity Fs(|1)) of |1), which is the maximum
fidelity of |¢)) with a stabiliser state:

Fs(l)) = g dnax [(IS)I*.

S) stabiliser state

For x € Fy, we write py(x) = [(Y|W,[Y)|?, where {W, : x € F3"} label
the 22" phaseless n-qubit Pauli operators. A subspace V < F2" is isotropic
if [x,y] = 0 for all z,y € V, where [z,y] is the symplectic inner product. V'
is Lagrangian if it is isotropic and dim(V') = n.

10.3 The U? inverse theorem for quantum states

In this section, we prove the following inverse theorem from [BvDH25]:
Theorem 1. If [[9llus > 7, then Fs(|i) > poly(y).

To prove the theorem, we consider a quantity G(|1))) which can be shown
to satisfy G(|¢)) > [|¢]|;; hence, it suffices to prove a lower bound of the
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form Fs(|1p)) > poly(G(|1))). So for the rest of the proof, we assume instead
that G(|¢)) > 7.

A folklore result tells us that for any Lagrangian L < Fa" Fg(|v)) >
> e Pu(x). Since py is non-negative and any isotropic subspace I < F3"
can be extended to a Lagrangian subspace, this also means that Fg(|1))) >
> w1 Pu(x) for any isotropic I. So our goal is to find an isotropic V' < F3"

such that
> py(z) = poly(v).

eV’

The proof of the existence of V' begins with showing the existence of a
“probabilistically approximate subspace” S C F2" such that |S|/2" > ~/2,
2"py(x) > /4 for all z € S, and Py yegls + 5" € S| > /6. To prove this, we
consider the set X of all x such that p,, is large; specifically,

X = {o € T : 2'p,(a) > 7/4).

S is constructed as a random subset of X by independently including = €
X in S with probability 2"p,(x). Since this random S satisfies the three
desired properties simultaneously with non-zero probability, there must exist
a deterministic S satisfying the three properties.

Now by the Balog-Szemerédi-Gowers theorem, there is a large subset
S’ C S which is an approximate subspace, in the sense that it has small
doubling constant; in particular,

92 ISl and 1S+ 5'| < (36/7)°1'

The polynomial Freiman-Ruzsa theorem then implies there is a subspace
V' < F2" such that |V] < |S’| and S’ is covered by (i.e. is contained in a
union of) O(1/9°%) cosets y + V of V. It can then be deduced that

> pu() > %polym and Y py(x) > poly (7).

zeV zeV

Finally, we seek an isotropic subspace V' <V such that ) ., py(z) >
poly(y), which will complete the proof. By applying a Clifford unitary to
|¢)) (which does not change the stabiliser fidelity), we may assume WLOG
that V. = (71, X4,..., Zk, X, Zks1,y - - -y Zgym) for some k,m. The struc-
ture of this V' means that it can be covered by 2% + 1 isotropic subspaces
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Vi,...,Voryy <V of V. By a simple averaging argument, there must exist
j € [2F 4+ 1] such that D ey, Py() = 577 2ogey Pu(x). This V; will be our
desired isotropic subspace V. So it suffices to show that 2¥ < 1/ poly(7).

We already have ) . 2"py(z) > [V - poly(7), so it is enough to show
that >, 2"py(x) < |V|/2%. For this, we use the following uncertainty
relation for Pauli operators proven in [BvDH25|:

Lemma 2. Let A C F2" be a subset of 2n-bit strings which label the subset of
phaseless Pauli operators {W, : x € A}. Let T4 denote the anti-commutation
graph of A, i.e. the graph with vertex set A and edge set E = {(z,y) € A?:
W, W, = =W, W,}. Then for any quantum state |)),

D KW Wel) < 9(Ta),

T€A

where ¥(T" 4) is the Lovasz theta function of T4, which is defined as

H(la) = p£§§A{I|pI|1 1p20,Tr(p) = 1, pjp = 0 for all (j,k) € E}.

The proof is completed by applying Lemma 2 and using some simple
properties of the Lovész theta function to show that 9(TI'y) < |V]/2F.

10.4 Tolerant testing of stabiliser states

We now show the connection of the inverse theorem to tolerant stabiliser
testing.

Theorem 3 (|[AD25, BvDH25|). There is a quantum algorithm which deter-
mines with high probability whether Fs(|v)) > €1 (accept) or Fs(|)) < e
(reject), provided that eo < poly(ey). It uses poly(1/ey) copies of |1) and
runs in n - poly(1/ey) time.

Via the inverse theorem, we have that

Fs([v)) = poly(G([4))).

We also have
Fs(l9)) < G(jp))

which is proven much more simply using some basic analysis.
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Since Fg(]1)) is upper and lower bounded by polynomials in G(|v)), we
can reduce the task of determining whether Fg(|1))) > € or Fs(|¢)) < e to
determining whether G(|1)) > poly(e1) or G(|¢)) < poly(ea) (these implicit
polynomials correspond to those in the upper and lower bounds above).

G(]1)) can be efficiently estimated using Bell difference sampling, an
algorithmic primitive which samples from the probability distribution py, * py,
using 4 copies of the state |¢)). The procedure to estimate G(|¢)) is:

e Perform Bell difference sampling to obtain a sample z € F3".
e Estimate |()|W,|1)|? using the SWAP test.

e Repeat the above steps poly(1/€;) times and take the mean of the
estimates, which quickly converges to the true mean G(|¢)) by a simple
Chernoff bound argument.

Therefore, the algorithm simply estimates G(|¢))) and accepts if the estimate
is above a certain threshold depending on €; and €5, and rejects otherwise.

Note that the Gowers norm |2y is not directly but indirectly estimated
by the algorithm, since it satisfies the quadratic relationship

11l < G(l)) < llps-

Thus, we can think of |||/ as being a good “proxy” for G(|1)); moreover,
the Gowers norm is a more “natural” quantity with an intuitive definition, so
it is often helpful to think of this instead of G(|¢)).
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11 Higher-order Fourier analysis and algebraic
property testing
After H. Hatami, P. Hatami, and S. Lovett [HHL19]

A summary written by Zimrat Kaniel

Abstract

These notes survey algebraic property testing over 5. We analyze
the BLR affine linearity test, link the AKKLR low-degree test to Gow-
ers uniformity norms, and sketch the analysis of the AKKLR tester by
Bhattacharyya et al. [BKSSZ10]. Finally, we show that high Gowers
uniformity implies structural closeness to low-degree polynomials.

11.1 Introduction and basic definitions

Property testing studies randomized algorithms that determine whether an
object satisfies a global structural property using only a few local queries.
In algebraic property testing, the objective is to verify whether an unknown
function f : F} — [y belongs to a specific algebraic family, such as affine
linear functions (P;) or polynomials of degree at most d (P;). While classical
Fourier analysis perfectly captures linear properties, it fails to detect higher-
degree structures. This limitation naturally motivates the development of
higher-order Fourier analysis and Gowers uniformity norms.

Given f,g : F§ — TFy, their distance is dist(f,g) := P.[f(z) # g(z)] for a
uniform x € Fy. For a property P C {f : Fy — Fy}, the distance from f to P
is dist(f, P) := mingep dist(f, g). We say f is e-close to P if dist(f,P) < ¢,
and e-far otherwise. We denote d4(f) := dist(f, Py), where P, is the set of
polynomials of degree at most d. A property P is testable with one-sided error
if there are functions ¢ : (0,1) — Z<g, 6 : (0,1) — (0,1), and an algorithm
T making ¢(g) queries to f, that always accepts if f € P, and rejects with
probability > d(¢e) if f is e-far from P. If ¢ is constant (independent of n
and ¢), P is proximity-obliviously testable.
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11.2 The BLR test and affine linearity

A function f : F§ — Fy is affine linear (f € P1) if f(z) = ao+ >, a;z; for
ag, a; € Fy. Affine linearity is locally characterized by the identity
f@)+ fly)+ f(z) = flx+y+2) for all x,y, z € F.

Algorithm 1: BLR test for affine linearity
Given query access to f : F§ — Fy:

1. Sample z,y, z € F} independently and uniformly at random.

2. Query the values f(z), f(v), f(2), and f(x +y + 2).
3. Accept if f(z)+ f(y) + f(2) = f(x +y + 2); Reject otherwise.

Theorem 1 (Theorem 2.3 in [HHL19|). Let f : Fy — Fy s.t. dist(f,Py) =¢
Then the BLR test rejects f with probability between € and 6¢e.

Proof. Let F(z) = (=1)7@ = S F\(a)(—l)m’x), where the Fourier co-
efficients are F(a) = E,[F(z)(—1)(*)]. The test accepts if and only if
F(z)F(y)F(z)F(x+y+z) = 1. Substituting the Fourier expansion and using
character orthogonality, which ensures E,, [(—1){@+t @+ BFAn+0+A2)] g 1

if « = =~ = X and 0 otherwise, yields:
1 1 1
5t §Ex,y,z [F(z)F(y)F(2)F(z +y+ 2)] =5 Z F(a

aEF”

Placcept] =

By Parseval’s identity, > F(a)? = 1. Since dist(f,P1) = e, every Fourier
coefficient satisfies \F ()] <1 —2e. Let a* attain the maximum \F ("] =
1—2e.

For the upper bound on rejection, note that ﬁ(oz*)‘1 > 1—8¢, and the
remaining terms satisfy -, F(a)* > 0. Thus,

Placcept] > =(1+ (1 —8¢) +0) =1 —4e = P[reject] < 4e < 6e.

N —

For the lower bound on rejection, bounding the sum via the maximum
gives:

Placcept] < (1 + maX]F )| ZF ) <1—¢ = Plreject] >e. O

N | —
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11.3 Higher-order derivatives and Gowers norms

To capture polynomial structure beyond degree 1, we utilize directional
derivatives.

Definition 2 (Directional derivatives). For f : Fy — Fy and y € FY, the
additive directional derivative is D, f(x) := f(x + y) + f(x). The iterated

derivative in directions yi,...,yx is Dy, .y f(2) = D gy flz+ s ui)-
For complex functions F : Fy — C, the multiplicative derivative is

A F(z) = F(z +y)F(x). Setting F = (=1)f gives A,F(z) = (—1)P+/@),

A fundamental algebraic fact is that f € Py if and only if Dy, ... f(z) =0
forall z,yy,...,ys41 € F5. This local characterization motivates both Gowers
norms and higher-degree testing.

Definition 3 (Gowers uniformity norm). For F': Fy — C and integer d > 1,
the Gowers uniformity norm of order d is

113, = (B [(Br - Ay, E)@)] | = [E] TT ¥F (2 + 3 0:)]

SCld] i€s
where C denotes complex conjugation.

The local characterization leads directly to the AKKLR(d) test of Alon
et al. [AKKLRO5].

Algorithm 2: AKKLR(d) test for P,
Given query access to f : F§ — Fy:

1. Sample z,y1,...,y4+1 € Fy independently and uniformly at random.

2. Query the values f(z + Y, g ¥;) for all subsets S C [d + 1].

3. Accept if ng[d+1] f(z+>,cs¥i) = 0; Reject otherwise.

Proposition 4 (Analytical bridge). Let f : F§ — Fy and F = (—1)7. The
rejection probability of AKKLR(d) satisfies:
(=) %" =1—2-P[AKKLR(d) rejects f].

Udgt1

Proof. The multiplicative derivative (A, ... A
(_I)ng[d.H] F@+>c59i) )

Taking expectations gives (+1)P[accept] + (—1)P[reject] = 1 —2P[reject]. O

van I') () evaluates to
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11.4 Low-degree testing in the 99% regime

In the 99% regime, the goal is to reject functions slightly far from P, with
optimal query complexity.

Theorem 5 (Theorem 3.6 in [HHL19|; [BKSSZ10]). Fiz 1 < d < n. There
exists an absolute constant ¢ > 0 such that for all f : Fy — Fy,

P[AKKLR(d) rejects f] > ¢ - min{2%6,4(f),1}.

11.4.1 Proof architecture: reduction to flat-testing

The analysis reduces the AKKLR(d) test to the k-flat test, which samples
a uniform k-dimensional affine subspace A C F3 and rejects if f|a ¢ Py, or
equivalently if >° _, f(x) # 0. Because d + 1 uniform directions are linearly
independent with high probability, they span a uniform (d + 1)-flat. Thus,
the AKKLR(d) test is asymptotically equivalent to the (d+ 1)-flat test. The
analysis splits into two proximity regimes depending on d4(f) = dist(f, Pq):

Regime 1: small proximity (6,(f) < 27(@2). Let g € Py be the closest
polynomial to f. On a random (d + 1)-flat A, the 2?*! points are pairwise
independent. The test rejects whenever f|4 and g|4 differ on an odd number
of points. To establish a lower bound, it suffices to calculate the probability
that they differ on ezactly one point By inclusion-exclusion, this probability
is at least:

P[(d + 1)-flat rejects] > 27715,4(f) (1 — 277 84(f)).

For 64(f) < 2702 we have 1—-29+15,4(f) > 1/2, yielding P[reject] > 2254(f).

Regime 2: large proximity (J;(f) > 27(@*2). When &;(f) > 2742,
the bound from Regime 1 becomes negative. To establish a constant lower
bound independent of n and d, the proof uses a two-step reduction:

Step-down reduction (Lemma 3.9 in [HHL19]): For £ > k' > d + 1,
P[k'-flat test rejects] > 2~ *F)P[k-flat test rejects).

If fla & Pyon a k-flat A, yet a majority of its hyperplanes H C A satisfy
fla € Pg, we can find k > d + 2 independent hyperplanes where the degree-
(d+1) component of f|4 vanishes. This forces deg(f|4) < d, a contradiction.
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Thus, a random (k — 1)-flat rejects with probability at least 1/2, yielding a
constant penalty factor 2-*~4=Y for k = d + O(1).

Inductive bound (Lemma 3.10 in [HHL19]): Inducting on n, the hy-
perplanes of F4 are partitioned into K “close” hyperplanes (where d4(f|g) <
$27%) and remaining “far” hyperplanes. The far hyperplanes provide a con-
stant rejection probability, which suffices if K < 42¢. If K > ~2% the
Hyperplane Gluing Lemma below shows f is actually globally close (64(f) <
27(@+2)) reducing the analysis back to Regime 1.

Lemma 6 (Hyperplane gluing). Let A;,..., Ax be distinct hyperplanes in
F5. If 64(f|a,) < a <272 for cach i € [K] and K > 2%, then
0a(f) < %Ox + %

Sketch of gluing lemma. Let P; € Py(A;) be the local polynomial a-close to
fla;- On the intersection A; N A;, the distance between P, and P; is at most
4a < 27, Since any two distinct degree-d polynomials over Fy, must differ
on at least a 27 fraction of points (see MacWilliams and Sloane [MS77]),
the distance constraint forces P; = P; identically on A; N A;.

Since K > 2% we can select ¢ > d independent hyperplanes. The
absolute agreement on their intersections allows us to uniquely glue these
local polynomials into a single global polynomial P € P;(F%) such that
Py, = P, for all i € [K].

Finally, let BAD C F% be the points contained in fewer than K/3 hy-
perplanes. By Chebyshev’s inequality, |BAD|/2" < 9/K. For any point
z ¢ BAD, f(z) agrees with P(z) on a majority of the hyperplanes containing
z. Averaging the local errors over z ¢ BAD yields:

a 1/ IBAD| : 3 9
252 _ <Za+ =
> > 3<dlst(f,P) - ) — dist(f, P) < Sa+ —

11.5 Analytical consequences

As a direct consequence of Theorem 5 and Proposition 4, we establish that
functions with Gowers uniformity norm close to 1 are structurally close to
low-degree polynomials.

Theorem 7 (Theorem 3.17 in [HHL19|). Let f : F§ — Fy. For any 1 <d <
n, if [[(=1)||v,,, =1 —¢, then 64(f) < Ce for an absolute constant C > 0.
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Proof. By the analytical bridge (Proposition 4):

1 — 2 P[AKKLR(d) rejects f] = [[(=1)/ |2 > (1 —&)*""" > 1 — 2%

Ugr1 =
Thus P[AKKLR(d) rejects f] < 2%. Applying Theorem 5 gives

c-min{2%54(f),1} < 2%e. For ¢ < ¢/2%, this yields c - 2454(f) < 2% =
(Sd(f) < %6. L]
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12 New proofs of Pliinnecke-type estimates for
product sets in groups, and the theorem of
Balog, Szemerédi and Gowers

After G. Petridis [Pe] and Y. Zhao [Zh]

A summary written by Deepanshu Kush

Abstract

We present Petridis’ short proof of the Pliinnecke-Ruzsa sumset
inequalities, and Gowers’ proof of the Balog—Szemerédi-Gowers the-
orem in Zhao’s exposition. The halves are more closely related than
they appear: the one Ruzsa-type triangle inequality not accessible by
reflecting sets is exactly what converts the two-set form of the Balog—
Szemerédi—Gowers theorem into the one-set form, and its known proof
runs through Petridis’ lemma.

12.1 Introduction

A recurring theme in additive combinatorics is that a single crude statistic of
a finite set forces a great deal of structure; we treat two instances. Through-
out A, B are finite non-empty subsets of a group, written multiplicatively in
general and additively when it is commutative; kB is the k-fold sumset and
B* the k-fold product set. The first statistic is the doubling of A relative to
B, the least o with |A 4+ B| < a|A|. Pliinnecke |[Pl] showed in 1970 that this
alone controls every iterated sumset of B: some non-empty X C A satisfies
| X + hB| < o X| for all h. Ruzsa |Ru| extended this to difference sets.

Theorem 1 (Ruzsa). Let A, B be finite non-empty sets in a commutative
group with |A+B| < a|A|. Then |kB—I1B| < o**!|A| for all integers k,1 > 0.

Both original proofs were graph-theoretic, via magnification ratios in com-
mutative layered graphs and Menger’s theorem. In 2012 Petridis [Pe| found
a proof occupying barely a page, which moreover works in an arbitrary group
up to the exact point where commutativity becomes indispensable. Sections
12.2-12.3 present Sections 2 and 3 of [Pe|, culminating in the proof of The-
orem 1.
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The second statistic is the additive energy E(A) = |{(a,b,c,d) € A* :
a+b = c+d}|, which counts additive quadruples rather than sums. Small dou-
bling implies large energy, but not conversely; the Balog—Szemerédi-Gowers
theorem repairs the converse at the cost of passing to a subset.

Theorem 2 (Balog—Szemerédi-Gowers). Let A be a finite subset of a com-
mutative group with E(A) > |A|>/K. Then there is A’ C A with |A'| >
KOW|A| and |A' + A'| < KOW|A'].

The original proof [BS| used the regularity method and so gave tower-type
bounds; Section 12.4 reproduces Gowers’ polynomial bounds [Go| following
[Zh], the form in which the theorem became a basic tool and an ingredient
of his proof of Szemerédi’s theorem for progressions of length four. The two
topics are linked by more than proximity in the syllabus; see Section 12.4.1.

12.2 Growth of triple products

Petridis’ method rests on a single well-chosen subset: calling |ZB|/|Z| the
expansion ratio of Z under multiplication by B, choose a non-empty X C
A minimising it. Minimality is a hypothesis one may use, not merely a
normalisation, and it is what makes the following induction close.

Proposition 3 ([Pe|, Proposition 2.1). Let X and B be finite non-empty sets
in a group with K = |XB|/|X| < |ZB|/|Z| for every non-empty Z C X.
Then |CXB| < K|CX| = |CX||XB|/|X| for every finite set C.
Proof. Write C' = {c1,...,¢.} and, using this arbitrary ordering, disjointify
CX =, & X by setting X; = X and, fori > 1, X; ={r € X : ¢z ¢
{c1,.. . i} X} Then {cr,..., ¢} X = Ui X = U, e Xi for every j,
and the sets ¢; X; are pairwise disjoint, so
J J
{er, X = Y JeXil = D IXi|. (1)
i=1 i=1
We induct on r. For r = 1, |eXB| = |[XB| = K|X| = K|c;X]|. For r > 1
put X¢ = X\ X,.. By definition of X, we have ¢, X¢ C {c1,...,¢,_1}X, hence
¢ XtB C{ey..oye1}X B, and so CXB C ({c1,...,¢-1}XB)U ((¢,XB) \
(¢ XEB)). As |(¢,XB)\ (¢, X¢B)| = |XB| — | X¢B], this yields

CXB| < [en,...,er 1}XB| + (XB| - [X¢B). (2)
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The first term of (2) is at most K ), _, |X;| by the induction hypothesis and
(1). For the second, the hypothesis applied to Z = X¢ gives | X¢B| > K|X¢|
(trivially if X¢ = 0), whence |XB| — |X¢B| < K(|X| — |X¢]) = K|X,|.
Adding, |CXB| < K}, |X;|, and (1) concludes. O

Note how little is used: associativity, and the minimality of X at the
one moment where a subset of X appears. Minimising over all non-empty
subsets of A, so that K < |AB|/|A| < a, gives Theorem 1.5 of [Pe]: a single
X satisfies |[C X B| < o|CX]| for all finite C' at once, and it is this uniformity
in C' that permits the iteration below.

12.3 The Pliinnecke—Ruzsa inequalities

Theorem 4 (|Pe|, Theorem 3.1). Let A, B be finite non-empty sets in a
commutative group with |A + B| < «|A|. Then there is a non-empty X C A
with | X + hB| < a"|X| for every positive integer h.

Proof. Choose a non-empty X C A minimising |Z + B|/|Z| over non-empty
Z C A, and induct on h. For h =1, |X + B| < |X||A+ B|/|A| < a|X]|. For
h > 1 apply Proposition 3 with C' = (h — 1)B, whose hypothesis holds by
the choice of X:

X +hB|=|C+X+B|<alC+X|=a|X+(h-1)B|<a"X|. O

Commutativity is used once, and decisively: Proposition 3 bounds |C'X B|
by |CX| with X sandwiched between C' and B, and to iterate one must feed
the output back in as the new C. Commutatively C' = (h — 1)B turns
C+ X+ Binto X +hB and C 4+ X into X + (h—1)B; in a general group it
only gives |B" X B| < K|B""1X]|, controlling sandwiched products rather
than |XB"|. This is no artefact: Pliinnecke’s theorem genuinely fails in
general groups, as A = H U {z} with H a subgroup and |HzH| = |H|?
shows, for then |AA| < 3|A| while [AAA| > (JA| — 1) Sections 4 and 5 of
[Pe] restore matters under the extra hypothesis |AbB| < B|A| for all b € B.

To reach difference sets we use Ruzsa’s triangle inequality |X||Y — Z| <
| X —Y||X — Z|, whose proof is a one-line injection: fixing a representation
d = y(d) — z(d) for each d € Y — Z, the map (z,d) — (x — y(d),z — z(d))
is injective, as d is the difference of the coordinates and x is then recovered.
Replacing Y by —Y and Z by —Z gives the form we need,

(XY — 2] < [X+Y|[X+Z]. (3)
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Proof of Theorem 1. If k or | vanishes, Theorem 4 suffices: for instance
|kB| < |X +kB]| < o*|X| < of|A]|. Otherwise let X be as in Theorem 4 and
apply (3) with Y = kB, Z = [B: then |X||kB —IB| < |X + kB||X +1B| <
oM X2 < o X]|A|, and we divide by | X]. O

12.4 Additive energy and the Balog—Szemerédi—Gowers
theorem

Writing r4(z) = [{(a,b) € A? : a+ b = z}| we have E(A) = > ra(x)?, so
the energy is an L? quantity. One direction is easy: if |A + A| < K|A| then
Cauchy-Schwarz gives E(A) > |[A+A|7' (X carara(x))? = |AIY/|A+ A >
|A|?/K. The converse fails badly, as A = [N] U S shows for S a set of N
elements in general position: the interval forces E(A) = O(|AJ*) while S+ S
forces |A + A| = ©(|A|?). Theorem 2 is the repair: nothing follows about A,
but a large subset — here [IN] — must be structured.

12.4.1 Reduction to two sets, and then to a graph

Put E(A,B) = [{(a,b,d',b/)) € Ax BXxXAXB :a+b=d+1V}, so
E(A,A) = E(A), and call A’ C A, B' C B good if |A|,|B'| > K=°®n and
|A"+ B < KOWn,

Theorem 5 (|Zh], Theorem 7.13.7). Let A, B be finite subsets of a commu-
tative group with |A|,|B] < n and E(A,B) > n®/K. Then good A’ C A,
B’ C B exist.

Deducing Theorem 2 from Theorem 5 means replacing A'+ B’ by A’+ A’,
and here the first half of this summary returns. Apply Theorem 5 with
B = Aand n = |A| to get A,B' C A with |A'|,|B'| > K~°M|A| and
|A" + B'| < KOW|A|. What is needed is

(XIY + 2] < [X+Y[X+ 7], (4)

applied with X = B’ and Y = Z = A/, giving |4’ + A'| < |A'+ B'|*/|B| <
KOW|A| < KOW|A'|. Now (4) resembles (3) but is genuinely different:
reflecting Y or Z turns it into a statement about | X — Y| or | X — Z|, so it
cannot be obtained from Ruzsa’s triangle inequality by the trick used above
(|Zh], Remark 7.2.2). It is, however, immediate from Proposition 3: choosing
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Xo € X minimising | X+ Y|/|Xo| and applying the proposition with C' = Z,

Xo+Y
Y+ 27| < [Xo+Y +2] < |X0+Z|M < |X+Z|

| X + Y|
| Xol '

X

So the passage to the one-set form runs through exactly the lemma of Section
12.2.

For a bipartite graph G with parts A and B, define the restricted sumset
A+ B={a+b: abe E(G)}.

Theorem 6 (graph BSG; |Zh|, Theorem 7.13.9). Let A, B be finite subsets of
a commutative group with |A|,|B| < n and let G be bipartite with parts A, B
satisfying e(G) > n?/K and |A +¢ B| < Kn. Then good A’ C A, B' C B
er1st.

Theorem 6 implies Theorem 5 by restricting to popular sums. Let S =
{z : rap(z) > n/(2K)} and let G join a to b exactly when a +b € S.
Unpopular sums contribute >_ . rap(x)® < F&|Al|B| < %, at most half
of E(A,B), s0 >, csrap(x)? > n*/(2K); as rap < n this gives e(G) =
> wesTap(®) > n?/(2K). Finally A +¢ B C S and each element of S has
> n/(2K) representations, so |A +¢ B| < 2Kn.

12.4.2 Paths of length two and three

The engine is dependent random choice.

Lemma 7 (path of length 2; [Zh|, Lemma 7.13.10). Let §,e > 0 and let G
be bipartite with parts A, B and at least §|A||B| edges. Then there is U C A
with |U| > §|A|/2 such that at least a (1 — €)-fraction of pairs (x,y) € U?
have at least £6%|B|/2 common neighbours.

Proof. Call (z,y) € A? unfriendly if it has fewer than £§%|B|/2 common
neighbours. Pick v € B uniformly at random and set U = N(v), so E|U| =
e(G)/|B| > 6|A| while P(z,y € U) = codeg(x,y)/|B| < £6%/2 for unfriendly
(z,y). If X counts the unfriendly pairs inside U? then EX < £§%|AJ*/2, so
by Jensen E[|U|? — X/e] > (E|U|)? — EX/e > §%|A|*/2. Fix v attaining at
least this value: then |U| > §|A|/2 and X < ¢|U|?. O

Lemma 8 (path of length 3; [Zh|, Lemma 7.13.11). Let § > 0 and let G be
bipartite with parts A, B and at least §|A||B| edges. Then there are A" C A,
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B' C B with |A'] > ¢5€|A| and |B'| > ¢6€|B| such that every pair in A’ x B’
is joined by at least cdC|A||B| paths of length three, for absolute constants
c,C' > 0.

Sketch. Discarding vertices of A of degree below 6|B|/2 costs at most half
the edges, leaving A; of size > 0|A|/2 and density > 6/2. Lemma 7 on
(A}, B) with e = 6/10 gives Ay C A; of size Q(62|A]) in which all but a
(§/10)-fraction of pairs are friendly, i.e. have Q(6%|B|) common neighbours.
Take B’ = {b : deg(b, As) > 0|A3|/4} and let A’ be those a € A, friendly
to > (1 — §/5)|As| of As; counting edges and unfriendly pairs respectively
gives |B'| > 0|B|/4 and |A’| > |A3|/2. For (a,b) € A’ x B’ at least §|As|/20
vertices a; € Ay are both adjacent to b and friendly to a, and each shares
(6% B]) neighbours by with a, every one giving a path a by a, b. O

Proof of Theorem 6. Since e(G) > n?/K and |A|,|B| < n we have |A|,|B| >
n/K, and the edge density is at least § = 1/K. Lemma 8 supplies A’ C A,
B’ C B of sizes at least K~°(Mn such that every (a,b) € A’ x B’ is joined by
at least K~9Mn? paths a by aq b. For such a path set z = a + by, y = a; + by,
z = a1 +b, each of which lies in A+¢ B, being a sum along an edge, and note
that a+b = x—y+z. For fixed (a, b) distinct paths give distinct triples, since
by is recovered from z and a, and a; from z and b; and triples arising from
distinct elements of A" + B’ differ, since x — y + z determines the element.
Counting triples in (A +¢ B)? gives K~ %Wn?|A' + B'| < |A+¢ B|? < K3n?,
so |A' + B'| < K°Wn. With the reductions above, Theorem 2 follows. [

Tracking constants gives explicit but poor exponents; the best known are
Schoen’s [Sc|, namely |A’'| > K~Y/27°| A] with |A'— A’| < K*°W|A’|. Both
halves above extract a structured subset by opposite means: in Section 12.2
by an extremal principle, in Section 12.4 probabilistically.
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13 Roth’s theorem

After K. Roth, following Y. Zhao [Z]

A summary written by Stefanos Lappas

Abstract

In this talk, we present a Fourier-analytic proof of Roth’s theo-
rem, which states that any subset of the integers containing no three-
term arithmetic progression (3-APs) must have density tending to zero.
We first study 3-AP-free subsets of the finite vector space 5, where
Fourier analysis shows that every such subset has size at most O(3" /n).
We then turn to the integer setting, showing that every 3-AP-free sub-
set of [N] ={1,..., N} C Z has size at most O(NN/loglog N).

13.1 An introduction to Roth’s theorem

A three-term arithmetic progression (3-AP) is a triple z,x + d, z + 2d with
common difference d # 0. A set is 3-AP-free if it contains no such triple.
Roth’s theorem states that every 3-AP-free subset A C [N] = {1,..., N} has
density tending to zero. Quantitatively,

N
Al=0 <loglogN) '

Writing o = |A|/N for the density of A in [N], this is equivalent to

1
a=0 (loglogN) '

The proof follows the same basic scheme throughout:

few 3-APs = large Fourier coefficient = density increment = iteration.

The model case 5 makes this mechanism particularly clear.
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13.2 Fourier analysis on finite abelian groups

Let G = F?, with p prime, and set w = €*™/?. Given r,z € F?, write
Tex = 71T+ + Ty, For f : G — C, define its Fourier transform
f:G— C by

f(r) = Baca f(2) ’””:—Zf e
zeG

Fourier inversion and Parseval /Plancherel give

=N F)w Beealf@)P =Y 1F(r)

reG reG

For f = 14, the zero coefficient is the density:

For f,g,h : G — C, define

A(f,9,h) = Eey f(2)g(x + y)h(x + 2y).

Fourier inversion gives
A(f,g.h) =D F(r)g(=2r)h(r).
reG
In [y, —2r =1, so
As(f) = A, £.0) =D flr

relfy

Thus, the number of 3-APs is controlled by the Fourier coefficients.

13.3 Roth’s theorem in %

Theorem 9 (Roth in F%). There is an absolute constant C > 0 such that
every 3-AP-free set A C Fy satisfies

TL

1A < c—.
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13.4 Proof sketch of Theorem 9

Let a = |A]/3". Since A is 3-AP-free, only the trivial progressions contribute,

SO
A3(1A) = Oé/?)n

But Fourier expansion gives

As(1a) = Ta(r)®.

The zero frequency contributes T;(O)3 = o?, while Parseval /Plancherel gives
ST = .

Hence, if 3" > 2272 (if 3" < 2a72, then |A| < v/23"% = O(3"/n), so the
desired bound already holds in this case), the above Fourier expansion and
Parseval /Plancherel imply that some 7 # 0 satisfies

Ta(r)] Z o”.
Consider the hyperplane
H={xeF} :r-z=0}

Its three cosets have densities oy, a1, g satisfying

Qg + a1 + Qg
3

= Q.

The large Fourier coefficient implies that the densities are not all close to a,
and hence one coset has density

o > a+co?,

for some absolute ¢ > 0. Restricting A to this denser coset (an affine copy of
F%~1), the argument can be repeated.

If o; denotes the density after the i-th iteration and n; = n — ¢ denotes
the dimension of the current affine space at that stage, then

2
Qg1 = o + o
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Consequently,

1 1 ,
< ——=c

(07N ] a;

for some absolute constant ¢ > 0. Suppose, for contradiction, that n > K/a,
where K > 0 is a sufficiently large absolute constant. During the first O(1/«)
iterations, we still have n; 2 1/a. Since a; > a, it follows that 3™ > 2a; 2
for K sufficiently large, so the Fourier argument continues to apply at every
stage. Iterating for O(1/a) steps gives a contradiction. Hence n = O(1/«),
and since |A| = a3"™, we finally obtain

o) e-0(2) = -o(3)

13.5 Fourier analysis in the integers

For a finitely supported function f : Z — C, define its Fourier transform
f:R/Z — C by

F0):=>" flw)e®= g eR/L.

TEZ

Fourier inversion and Parseval /Plancherel become

1
— AQ 27riz6d‘9
1) /Of( )e
and

Z!f(w)IQ—/O RO

TEL
The 3-AP counting identity is

A(f,g,h) = /0 F(0)5(—20)h(6)db.

Thus, the same Fourier principle applies to subsets of the integers.
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13.6 Roth’s theorem in Z
Theorem 10 (Roth in Z). Every 3-AP-free subset A C [N] satisfies

N
Al = — .
4 O(loglogN)

13.7 Proof sketch of Theorem 10

Let |A| = aN. Define the de-meaned function

f(x) = 1a(x) — ol ().

The finite-field argument already shows the main principle: if all nonzero
Fourier coefficients were small, then A would have to contain many 3-APs.
Since A is 3-AP-free, this cannot happen. A standard Fourier counting esti-
mate therefore yields some 6 # 0 such that

N

Z(lA o a) (m)627rix6

=1

> a’N.

The difference from F% is that there are no useful hyperplanes in Z. We
replace them by long arithmetic subprogressions. Dirichlet’s approximation
lemma gives, for every 0 < § < 1, there exists an integer 1 < d < 1/6 such
that

[d61]z/z < &,

where ||df||r/z denotes the distance from df to the nearest integer. On a

subprogression P = {a,a+d,...,a+ (L — 1)d}, we have

e27rz(a+jd)9 _ €2ma6’€2mjd0‘

Thus, when df is close to an integer, the Fourier phase varies slowly on P.
Choosing the parameters appropriately gives a subprogression with |P| >
N'/3 on which the phase is sufficiently stable. The large Fourier coefficient
above then gives a density increment on P:

|AN Pl
P

> a+ ca.
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We can therefore iterate exactly as in the finite-field case. If N; and «;
denote the length and density after ¢ steps, then

Nij1 2> Nil/s and Qip1 > a; + cal,

where ¢ > 0 is some absolute constant. The density increment can occur at
most m = O(1/a) times. Consequently, N,, > N/*". On the other hand,
the iteration must stop when the subprogression is too short for another

density increment, giving
i\
o

where (', Cy > 0 are some absolute constants. Hence,
C
NY3" < SR :
T\«

Taking logarithms and using m = O(1/«a) gives
1
log N < OG) = loglog N = O <—> :
a

Since |A| = aN, we finally obtain

1 N
p— —_— A p— —_— .
“ O(loglogN) = |4l O(loglogN)

13.8 Concluding remarks

The finite-field and integer proofs thus have the same structure. In F%, a
large Fourier coefficient produces a density increment on a hyperplane; in
7, Dirichlet’s approximation lemma produces a density increment on a long
arithmetic subprogression. The subsequent iteration is the same in both
cases.
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14 The Mobius function is strongly orthogonal
to nilsequences

After B. Green and T. Tao [GT1]

A summary written by Tiago Moreira

Abstract
We explain the proof of the orthogonality of the Mobius function to
nilsequences. The quantitative equidistribution theory of polynomial
orbits on nilmanifolds is used as a black box. We also discuss the
Heisenberg nilmanifold as an example illustrating the general theory.

14.1 Introduction
The Mébius function p: N — {—1,0,1} defined by

1, ifn=1,
p(n) =< (=1)%, if n is the product of k distinct primes,
0, if n is divisible by the square of a prime.

is one of the basic arithmetic functions in Number Theory. A central ques-
tion is whether u(n) behaves randomly when correlated with structured se-
quences. A major result of Green and Tao shows that the Md&bius function
is orthogonal to nilsequences. Nilsequences arise from polynomial orbits on
nilmanifolds and generalize classical polynomial phases such as

e(an), where e(t) = e*™ and a € R.
The main theorem prescribed in [[GT1], Theorem 1.1] goes as follows:

Theorem 1. Fiz G/T" to be a nilmanifold. Let g : Z — G be a polynomial
sequence and F : G/T'— R be a Lipschitz function. Then for every A > 0,

S W) P(g(l) = Opra((log X))
n<N

One of the deep parts of the proof relies on the quantitative equidistribu-
tion theory of polynomial orbits on nilmanifolds developed in [GT2]|. Since
this theory is beyond the scope of this summary, we only state the factoriza-
tion theorem, its relation to quantitative equidistribution, and explain how
it is used in the proof. The Heisenberg example will then illustrate the main
ideas in a concrete non-abelian setting.
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14.2 Nilmanifolds and nilsequences
A Lie group G is called nilpotent if its lower central series
G, =G, Giv1 =[G, G], fori>1,
eventually becomes trivial. Here, the commutator is defined by
lg.h] = g~'h""gh.

The simplest examples are abelian groups. For instance, R? is nilpotent of
step one since all commutators vanish.

A subgroup I' of a Lie group G is called a lattice if it is discrete and the
quotient G/T" is compact. A quotient G/T" with G nilpotent and T' a lattice
is called a nilmanifold. The torus T? = R¢/Z? is the easiest example of a
nilmanifold.

A polynomial sequence on a nilpotent group is a sequence g : Z — G
whose repeated discrete derivatives eventually vanish. The corresponding
sequence (F(g(n)I')), o, is called a nilsequence, for F' a continuous function.

The theorem therefore states that the Mobius function has negligible
correlation with all possible nilsequences on every nilmanifold.

14.3 Factorization of polynomial orbits

The main structural result used in the proof is the factorization theorem for
polynomial sequences described in [[GT2|, Theorem 1.19].

Theorem 2 (Factorization theorem). A polynomial sequence can be decom-
posed in the form

g(n) = e(n)g'(n)y(n),
where:

e =(n) is a smooth sequence that changes very slowly;
e v(n) is periodic;
e ¢'(n) is quantitatively equidistributed in a subnilmanifold.

The proof of this result uses primarily the quantitative equidistribution
theory for polynomial orbits on nilmanifolds previously mentioned. Roughly
speaking, this theory states that the only obstruction to equidistribution is
the existence of a non-trivial horizontal character, which makes the orbit
behave almost periodically.
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The inherit properties of the above decomposition are part of the key
ingredients in the proof of the main theorem, which allow us to reduce the
study of general polynomial orbits to the equidistributed case. The idea is
that the first two components contain merely simple structures, while the
third component contains the random-like behavior that appears under av-
eraging. Hence, it is sufficient to only study the equidistributed component.

14.4 Proof of Theorem 1

We consider the sum

S(N) =Y un)F(g(n)I).

n<N

Using Theorem 2, we can write

g(n) = e(n)g'(n)y(n).

The periodic component v(n) takes only finitely many values. For this reason,
after splitting the sum into arithmetic progressions, we may assume that
v(n) is constant. The smooth component £(n) changes slowly. Since F is
Lipschitz, replacing e(n) by a fixed element produces only a small error. By
these observations, the problem reduces to estimating sums of the form

Y um) (g (),

n<N

where ¢'(n)I" is quantitatively equidistributed and Fj is another Lipschitz
function on the same nilmanifold. The equidistribution property allows one
to study the function F; through harmonic analysis tools on the nilmanifold.
The zero Fourier coefficient gives an average that involves only the Mobius
function, which can be handled using a stronger version of the Prime Number
Theorem. The remaining Fourier terms lead to oscillatory sums of the form

Z pu(n)e(P(n)), with P a real-valued polynomial.

n<N

The estimates for these sums (generalized Vinogradov???s method) imply
that for every A > 0,

S(N) = OF,G,F,A(N(IOg N)_A).
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To prove the theorem, divide by N on both sides, giving the desired estimate

LS )P = Opra(o N

n<N

14.5 The Heisenberg example

The Heisenberg nilmanifold is the simplest case where the non-commutative
structure of a nilmanifold appears. Consider the Heisenberg group

1
G=1<(x,y,2)=1[0 cx,y,z €R
0

O~ 8
— QW

The multiplication law for this particular example is given by
(v,y,2) - (¢, 2 )= (x+ 2 y+ v, 2+ 2"+ 2v).

The additional term xy’ is responsible for the failure of commutativity. In
fact, the commutator is

[(l’, Y, Z>7 (xly y,, Z,)] = (O, 07 fL’y/ — [E,y)

Note that all commutators belong to the subgroup {(0,0, z) : z € R}, which
is the center of the group. Thus, the Heisenberg group is two-step nilpotent.
We take the lattice

I'={(a,b,¢):a,b,cel}

and define the Heisenberg nilmanifold X = G/I". The horizontal factor is
obtained by quotienting out the commutator subgroup: G/(G.I') ~ (G/G2)/
((G2I')/Gy) ~ T2. The corresponding projection is

7 X — T2 m(x,y,2) = (r,y) (mod Z?).

Following the exposition presented in Section 5 of [GT2]|, our focus now
shifts to the equidistribution of linear orbits g(n) = a", where a € G. We
first fix a = (o, 3,7), and notice that an inductive application of the group

law gives us
g(n) = (na,nﬁ,n7+ <Z) ozﬁ) )
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Indeed, the quadratic term appears from the non-commutative part of the
group multiplication, since each multiplication contributes a term a3 to the
central coordinate. The question now is whether the polynomial orbit pre-
scribed by g(n)T' is equidistributed in X. If the orbit is equidistributed in
the nilmanifold, then its projection must be equidistributed in the torus.
Therefore, a failure of equidistribution of the torus projection gives an
obstruction. A horizontal character is a homomorphism 7 : G — R/Z which
is trivial on Go. Hence, it only depends on the tuple (z,y) and has the form

n(z,y,2) =mx + Ly (mod 1), where (m,¥{)¢c Z>.
Applying this to the orbit gives the following expression:
1(g(n)) = n(ma +€6) (mod 1).

For the torus, we have the classical Weyl’s criterion that states: (z,),,oy € T?
is equidistributed if and only if for every non-zero character y, we have

% S elx(za)) 2220,

n<N

If ma+£0 is close to a rational number with small denominator, the character
changes slowly along the orbit. Thus, the sequence cannot be equidistributed.

This illustrates the general principle introduced when referring to the
proof of Theorem 2: failure of equidistribution of polynomial orbits is caused
by algebraic obstructions described by non-trivial horizontal characters.

Finally, the Heisenberg example also explains why polynomial phases nat-
urally appear when studying nilsequences in the context of Theorem 1. For
a sufficiently regular function F': X — R, we can use its Fourier expansion
in the central coordinate:

F(z,y,z) = ZFk(:r,y)e(kz), with F_p(z,y) = Fi(x,y).

kEZ

Applying it to the orbit g(n) produces polynomial phases. These oscilla-
tory sums are then controlled by estimates for M?7bius-weighted exponential
sums, which provide the cancellation required for the claimed orthogonality.
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15 The nonabelian U? inverse theorem

After W.T. Gowers and O. Hatami [1]
A summary written by Oissin O’Donnell

Abstract

We state the U? inverse theorem for matrix-valued functions on
finite groups and nonabelian Fourier analysis necessary for its proof,
contrasting these with Fourier analysis on finite abelian groups and
the abelian U? inverse theorem.

15.1 Introduction
If G is a finite abelian group and f : G — C, the U? norm of f is given by

1£1lt2 = Buapf (2)f (2 + a)f(z + ) f(z + a+b).

This can be expressed in terms of the Fourier transform as

1f G = D IF1

xeé

Combining this formula for the U?> norm with Plancherel’s theorem we can
easily obtain a inverse theorem for the U? norm: if |f(z)| <1 for all z € G
(orin fact if || f|| L2 < 1) and || f]|p2 is large then f must correlate significantly
with a character of G.

We may (simultaneously) generalise the U2 norm to matrix-valued functions
on nonabelian groups, where a convenient definition is

11152 = Byrsw-1— tr(f () £ ()" f (2).f (w)").

In [1] Gowers and Hatami prove an inverse theorem for the matrix valued U?
norm.

Theorem 1 ([1] Corollary 5.6). Let G be a finite group, >0 and f : G —
M, (C) such that || f(z)|lop < 1 for all x € G and ||f||}2 > On. Then there

exists 297”9 <d< @, a unitary representation p : G — U(d) and n x d
partial unitary matrices U, V' such that
(f, VpU*) = Epeq tr(f(2)Up(a)V*) > 74d
1
where T = max((%)z, (325)%).

2
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Here we say an n x d matrix is partial unitary if it can be extended to a
unitary matrix, i.e. if n < d it has orthonormal rows, and if n > d it has
orthonormal columns. Note that the matrices U and V' are necessary in
Theorem 1, intuitively G may have too few representations for f to correlate
with a representation, but we can always obtain correlation with "part of" a
representation.

15.2 Preliminaries
15.2.1 Matrix norms

If Ais an m x n matrix with singular values A, ..., Amin(m,n) and 1 < p < 0o
the Schatten p-norm of A is given by

min(m,n)

1Al =" AP =te(|AP).

=1

We also let ||A|l« = ||Allop be the operator norm of A. The Schatten norms
have the following properties

Lemma 2. For all matrices A we have:
LAl = 1A%,
2. (Unitary invariance) If U,V are unitary, then ||[UAV|, = || 4],

3. More generally, |BAC||, < |Bllopl|Allp||Cllop, wherever B and C are
matrices such that BAC' s defined.

4. (Holder’s inequality) [f%—l—% = 1 then |tr(AB*)| < [A],lBllq, in
particular | tr AB*| < || Alop|| B]1-

5. (Hilbert-Schmidt norm)

IA]]3 = tr(AA7) =) Ayl
"j

6. |||l4 is the "box norm" given by

IAlls = 1All8 = Z A AuAjiAji.

Z’?j?k:?l
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If G is a finite group we define an inner product on functions f,g : G —
My(C) by
(f.9) = Eaeg tr(f(x)g(2)"), (1)

and the LP norm of a matrix-valued function by

[ (Becclf@lE)? 1<p <o,
1l = |
sup,call @)y i p = oo,

15.2.2 The Fourier transform

If G is a finite, not necessarily abelian group, let G denote the set of equiv-
alence classes of irreducible unitary representations of G. Abusing notation
slightly, we fix a representative p : G — U(dim(p)) for each p € G. The
Fourier transform of a function f : G — M, (C) is then given by

f(p> - EmEGf(x) ® m (2>

Note that f(p) is an nd, x nd, matrix where d, = dim(p). It is also sometimes
useful to view it as an operator acting on n x d, matrices by

(f(P)(A) = Eo f (x) Ap()", (3)

explaining the choice of p(x) rather than p(z) or p(z)* in equation 2. Similar
to in the abelian, scalar-valued case we have an inversion formula for the
Fourier transform, although we do not state it here. The properties we need
of the Fourier transform are as follows.

Lemma 3. Let G be a finite group and f,g: G — M,(C).
1. (Plancherel theorem,)
1£1172 = dim(p) [ F ()3,
peG

and more generally

= "dim(p) tr(f(p)3(p)").

2. (U? norm)
17115 = Zdlm o)1
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15.3 Remarks on the proof of the inverse theorem

Using only Lemma 3 we can easily prove a nonabelian U? inverse theorem for
scalar-valued functions. Note that for scalar-valued functions we only need
an L? rather than a pointwise bound on f.

Theorem 4. Let G be a finite group, 0 < 8 <1 and f : G — C such that
I fllzz <1 and || fllf2 > 0. Then there exists d < 1/6, an irreducible unitary
representation p : G — U(d) and unit vectors u,v € C? such that

(f, u" Av) > 02.

Proof. (Sketch) Note that by our assumptions and Lemma 3 we have

6<Zd1m W fp u4<2dlm ) f(p) Hf(p)H%ésngf(p)Hip

Hence there exists some representation p, such that f (po) has a singular value
X of size at least §2. Note that, applying Lemma 3 again, dim(po)f < £, <
1. Singular value decomposition of f (p) gives us unit vectors u,v € C¢ such
that

A =T"f(p)v = Eyf(a)u p(z)v.

Replacing v and v with their complex conjugates gives the result. O

For Theorem 1 using an approach similar to the proof of Theorem 4 selecting
all the singular values of the f,, of size at least ( )2 and the interpreta-
tion of the Fourier transform in equat ion 3 supphes us with singular values
A1y .-y Am, irreducible unitary representations py, ..., p,, and n x dim(p;) ma-
trices Uy, ..., Up,, Vi, ..., V,, such that:

1. If d = dim(py) + ... + dim(p,,) then

on d<(2—0)n
2—6 - 0

IN

2. [|Ull3 = [|Vill3 = dim(p;) and tr(U;U7) = tr(V;V}") = 0 whenever i # j
but p; = p;.

3. If U = (Uy|...|U,) is the n x d matrix given by concatenating the U;s
and similarly V' = (V4]...|V},), then if p = p1 & ... ® pp,

(f,VpU*) > 1d.
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The difficulty then is in modifying the matrices U and V so that |U|lop, =
IV |lop = 1 while maintaining a lower bound on (f, VpU*). In [1] this is done
by using the (finite-dimensional) Hahn-Banach theorem and the orthogonal-
ity of matrix coefficients of irreducible unitary representations (see [2| for an
alternative, operator-algebraic approach). Once we have this, using the fact
that any matrix A with ||A||,p, < 1is a convex combination of partial unitary
matrices we can in fact replace U and V' by partial unitary matrices, proving
Theorem 1.
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16 Effective bounds for restricted 3-APs in F%

After A. Bhangale, S. Khot, Y. P. Liu, D. Minzer [BKLMa]

A summary written by Anthony Ostuni

Abstract

We show that any set A C % of density > (logloglogn)~¢ con-
tains a 3-AP whose common difference lies in {0,1}"\ {0"}.

16.1 Introduction

We have already seen that any sufficiently dense set A C F% contains a 3-
AP. These proofs, however, tell us nothing about the common difference that
occurs, and it is natural to ask about what happens if we insist the difference
falls into a prescribed subset of F%, say {0,1}" \ {0"}. Deep results such
as the density Hales-Jewett (DHJ) theorem imply that A also contains such
a restricted 3-AP, but they historically have come with poor quantitative
bounds. In this work, we discuss effective bounds for this problem.

Theorem 1. There are universal constants C,c > 0 such that any set A C Fy
of density at least C'(logloglogn)~¢ contains a restricted 3-AP.

Remark 2. The result in [BKLMa, Theorem 2] is a bit more general, but
proving the simpler form above suffices to demonstrate the main ideas.

Recent work. The authors further developed their machinery in [BKLMb|
to prove “reasonable” upper bounds for the DHJ theorem over [3]". Very
recently, they obtained a counting version of Theorem 1 (over IFZ) where the
common difference lies in {0, 1,2}" [BKLMc|. Another recent work tweaks
the capset proof to give polynomial bounds for subsets of F}) avoiding 3-APs
whose common difference lies in some sufficiently large set [CFP].

Notation. Throughout, A C F% is a set with density a > (logloglogn)=°
and no restricted 3-APs. In an abuse of notation, we also use A(-) to denote
its own indicator function. We use p to denote the uniform distribution
over {(a,a,a) : a € F3} U{(a,a+ 1,a +2) : a € F3} (i.e., valid coordinate
patterns of a restricted 3-AP), and y®" to denote the distribution over (F%)3,
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where each coordinate pattern is independently sampled from p. We write
I ~1_5 [n] for a random set I C {1,2,...,n}, where each i € [n] is included
independently with probability 1 — §. We use D for the closed unit disk
{ceC:| <1}

16.2 Proof overview

In this section, we provide an overview of the proof of Theorem 1. The
high-level idea is to perform a similar density increment argument as in the
proof of Roth’s theorem, although the basis-dependent constraints complicate
matters. We first convert the absence of restricted 3-APs into a noticeable
3-wise correlation.

Lemma 3. There exist functions f,g,h: Fy — [—1,1] such that

o’

E [f(z)g)h(2)]| = —

(z,y,2)~p®m N 8 7
where either f, g, or h is equal to the balanced indicator function A — .

Proof. If A has no restricted 3-APs, then
E [A@AWAR)] < Pr [z=y=z=27" (1)

(@,y,2)~p®m (@,y,2)~pom
since triples drawn from g are constant with probability 1/2. Expanding
each A as a + (A — «), the LHS of (1) becomes a sum of eight terms. One
term is o, and the other seven include at least one copy of (A — «), which
is 1-bounded. The lemma follows by rearrangement. O]

We may now invoke (a special case of) one of the main technical results
of [BKLMa]: a local inverse theorem for such correlations.

Theorem 4 (Local inverse theorem). For every ¢ > 0, there exists § =
§(g) > exp(—e"O%W) such that the following holds. For any functions f, g, h :
F? — [—1, 1] satisfying

E  [f(@)g(y)h(z)]| > ¢,
(z7y’z)NM®n
we have
) Pr[] 3P : Fs — D}ier with | E | froa(z) [ [ Pi(w) 25] > 6.
~i-sn z~IFL s
z€F} 3 iel
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In words, Theorem 4 says that if three 1-bounded functions correlate with
respect to u®", then after taking a severe random restriction of the ambient
space, one such function correlates with a bounded product function with
decent probability. We will discuss some of the ideas behind the proof of
Theorem 4 in Section 16.3, but let’s assume it for the moment.

Our goal is now to obtain a density increment using Theorem 4. We will
require the following lemma, where we define f4 = A — a.

Lemma 5. Suppose for some § satisfying n > $log(3), we have

(Pt 3Py 5 Dy with | E | (Fa)ro(2) [[P(x)|| > 5] > 4,
~1_sln o~ -
z€FL 3 i€l

Then 3I C [n] of size |I| < (1 —2)n and z € F} such that either

1. The density of A, in FL is > o+ Q(8°), or

2. The density of A;_,, in Fg is > a— O(6%) and there exists a 1-bounded
product function P = Py --- Py such that |Ex~F§[(fA)1HZ(x)P(m)]] > 0.

Proof. Let € be the event that I has size |I| < (1 — £)n and there exists P
such that [{(fa)7—., P)| > . By Chernoff’s inequality and a union bound,
we have Pr[€] > 0/2. Let ag denote the density of A under a restriction R.
Assume for all restrictions R € £ that ag — a < —%, as otherwise we have
already satisfied conclusion 2. Then,
52 5

E[(agr —a) - 1lg] < ——Pr[f] < ——.

R 4 8
Since the random restrictions are chosen uniformly, we have Eg[(ar—a)] = 0,
so it must be that Eg[(ag—a)-1gc] > %. Thus (again appealing to Chernoff’s
inequality to ensure the probability of I being too large is much smaller than
%) there must exist a restriction R satisfying conclusion 1. [

We can finally sketch the proof of Theorem 1.

Proof sketch of Theorem 1. We will perform a density increment argument.
At each step, the density a and the ambient dimension n will change accord-
ing to

ar a+exp(—a D) and n s (exp(—a W) . n)0W,
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There can be < exp(a~9W) iterations before the density exceeds 1, so we
can carry out the argument to completion as long as « > (logloglogn)~°.
We apply Lemma 3, Theorem 4, and Lemma 5 with § = exp(—a~9M).
We assume conclusion 2 holds, as otherwise we immediately get the desired
density increment. The final step is to perform a different, more technical,
restriction. The basic idea is as follows. First randomly choose n®® dis-
joint groups of n®Y coordinates, and insist that all the coordinates within
a group take the same value. Then, randomly fix the values of all coordi-
nates not included in one of the groups. We want that for each group T,
the product [[,., P; should be almost constant, and that the density of A
does not drop by much under this restriction. (Morally, this means that
E[(A — a)r.] = E[(fa)1>. - P] > 0.) With enough technical work, one can
show that some such restriction does satisfy these properties, giving the de-
sired density increment. We now iterate on the new function, where each
group of identified coordinates is considered to be a single coordinate. O]

16.3 Sketch of inverse theorem

In this section, we present some of the main ideas underlying the proof of
Theorem 4. Much of the analysis centers around the following analog of the
U?2-Gowers uniformity norm designed to capture product structure.

Definition 6 (Swap norm). Let z,y € Fy. We write (2/,y') ~ (z < y)

to denote the distribution over Fy x Fy, where independently for each index

i € [n], we set (x},y.) to be either (z;,y;) or (y;, z;) with equal probability.
For a function f:Fy — C, we define

Swap(f) = EI,yEFgL(I’,y’)H(x,y) [f<x>f<y)f<x,)f(y/>]

The swap norm of f is || f|lsw = swap(f)'/*.

As in Gowers’ analysis, one can convert some arithmetic structure into
a noticeable swap norm essentially via iterated applications of the Cauchy-
Schwarz inequality (although the applications are a bit subtler in this case).

Lemma 7. If there exist functions f,g,h : Fy — [—1,1] such that
E [f(x)g)h(2)]| = ¢,
(xvyvz)’\’/"®n

then Ere, g [sWap(fi-2)] > 0,

zw]Fé
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Once equipped with Lemma 7, Theorem 4 follows from an inverse theorem
for the swap norm. We unfortunately do not have space to sketch the full
proof of this, but we can show such a theorem in the “99% regime”, where
there is no need to randomly restrict to correlate with a product function.

Lemma 8. Let f : Fy — C satisfy || fll2 < 1 and swap(f) > 1 —c¢ > 0.95,
then there are functions Py,..., P, : F3 — C with |P|l = 1 such that
[(f; Pr---Po)| =2 1= 0(c).

Remark 9. The above P; have bounded Lo-norm, whereas in Theorem 4 they
have bounded Ly.-norm. With a brief foray into the analysis of exponential
sums, one can move between these guarantees at the cost of decreasing the
correlation polynomially. The details can be found in [BKLMa, Section 6].

Proof sketch of Lemma 8. Decompose f, viewed as a function on Fy x F2 !,
according to its singular value decomposition as f = > . A\;g;h;, where g; :
F3 — Cand h,; : F§~! — C. Set g; corresponding to the largest singular value
Ai (which is nearly 1) to be one of the functions in P = ¢; P’ and iterate on
h;. By orthonormality (f, P) = X;(h;, P'), and one can show that swap(h;)
is noticeably larger than swap(f). ]
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17 The Green—Tao theorem: an exposition

After D. Conlon, J. Fox, and Y. Zhao [CFZ]

A summary written by Felix Pernegger

17.1 Overview

An arithmetic progression of length £ is a sequence
a, a+d, a+2d,..., a+ (k—1)d

with common difference d > 0. Green and Tao [GT| proved in 2004 that such
progressions can be found inside the primes with no bound on their length.

Theorem 1 (Green—Tao). The set of prime numbers contains arbitrarily
long arithmetic progressions.

One might hope to apply Szemerédi’s theorem directly: every subset
A C N of positive upper density

ANl
limsup—’ NIL N

>0
N—o00 N

contains arbitrarily long arithmetic progressions [Sz|. However, the primes
have density 0. The main idea of Green—Tao is nevertheless to use Szemerédi’s
theorem as a black box: one transfers it from dense sets to sparse sets which
are sufficiently pseudorandom. Roughly, an unbounded sparse weight is re-
placed by a bounded dense model, and a counting lemma shows that the
normalized arithmetic-progression counts are asymptotically the same.

The proof has three main components. First, a relative Szemerédi theo-
rem transfers the dense theorem to functions dominated by a pseudorandom
measure. Second, after the W-trick removes local biases of the primes mod-
ulo small primes, a smoothed sieve weight gives a pseudorandom majorant
for the modified primes. Third, one verifies the required pseudorandomness
by a linear-forms estimate. Combining these facts gives a k-term progression
of primes for every k.
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17.2 The relative Szemerédi theorem

Work in Zy = Z/NZ. A weighted form of Szemerédi’s theorem says that for
every k > 3 and ¢ > 0 there is ¢ = ¢(k,d) > 0 such that every g : Zy — [0, 1]
with Eg > § satisfies

k—1
E,.q Hg(x + jd) > ¢ — or5(1). (1)

J=0

For the primes, the natural weights are not bounded by 1, so one needs a

pseudorandomness hypothesis.
For j € [k] and w € {0, 1}\MI} put

Liw(z®,2M) =37 — i)al.
i#j

A function v : Zy — [0, 00) satisfies the k-linear forms condition if, for every
choice n;, € {0, 1},

EI] [] w(Ziw) =1+0(D). (2)

J=1we{0,1}[FI\ {7}

Thus all correlations needed for counting k-term progressions behave asymp-
totically as for the constant measure 1.

Theorem 2 (Relative Szemerédi, Theorem 4.3 of [CFZ|). If v satisfies the
k-linear forms condition, then for every 6 > 0 and every 0 < f < v with

Ef >4,
k—1

Eoa [[ (2 + jd) > c(k,6) = ors(1),

=0

with the same constant as in (1).

Sections 5 and 6 provide the two ingredients for the proof. For h : Zy —
R, define

”h”DJ‘ = sup ]Earl ..... ;vrh(xl +-F -’L'r) H :H.Ai(l’_i) .
=1
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The dense model theorem says that if || — 1f[gy-1 is small, then every
0 < f < vhas amodel f : Zy — [0,1] with ||f — fllos_1 small. The
relative counting lemma says that, under the linear forms condition, this
approximation preserves the k-AP count up to o(1).

To prove Theorem 2, assume as in [CFZ]| that N is coprime to (k — 1)!.

Repeated Cauchy—-Schwarz gives || — 1||g k-1 = o(1), hence a dense model f
with Ef > § — o(1). For

viley) =D (G — i),
i#j

set © = ¢y(x_1) and d = 21 + -+ + wy; then ¢;(z_;) = x + (j — 1)d. The
counting lemma therefore gives

def +jd) = defxﬂd o(1),

and (1) proves the theorem.

17.3 A pseudorandom majorant for the primes
Let w = w(N) — oo sufficiently slowly and

W:Hp.

p<w

The W-trick restricts attention to Wn + 1, which avoids every prime divisor
p < w. Define

% log(Wn +1), Wn+1 prime,

0, otherwise.
Its mean is 1 + o(1) for sufficiently slow growth of w.

Choose a smooth x : R — [0, 1], supported on [—1, 1], with x(0) = 1, and
put

log d <,
Ay r(n) = logRZ,u(d)X(loggR> : Cy = /0 I ()| da.
dn
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Only d < R occur, and if n has no prime divisor at most R, then A, p(n) =
log R. Taking R = N¥'27"7* define

(W) Ay rR(Wn +1)2
v(n) = w ¢y log R
1, otherwise.

, N/2<n<N,
(3)

The square makes v nonnegative, and on primes Wn+1 the numerator equals
(log R)?. Hence, for some d; > 0, one has 6, A(n) < v(n) on [N/2, N).

The required pseudorandomness follows from Proposition 8.3 of [CFZ]:
for fixed pairwise nonproportional linear forms 1, ...,%,, : Z' — Z, with
0; = Wap; + 1, and for product boxes B of side length at least R'"™,

a We,log R\"™

E:cB A7R9i$2: 1+ 0(1 <X—) 4

Partitioning ZY; into slowly many large boxes and separating those crossing
the boundary of [N/2, N) then yields the k-linear forms condition for (3).

17.4 Outline of the linear-forms calculation

Expanding the squares in (4) produces divisor variables d;,d; < R and con-
gruence conditions d;, d; | 6;(x). Their least common multiple D is at most
R?™ so the average over B may be replaced, with negligible error, by the
corresponding density modulo D. The cutoff is not multiplicative, so one
applies Fourier inversion to e*x(x), writing

log d (1
_ d (1+i¢)/log R de.
(i) - o(6) de

After this substitution the divisor weights are multiplicative, and the Chi-
nese remainder theorem turns the sum into an Euler product. The W-trick
controls the factors for p < w, while for p > w nonproportionality of the
forms makes simultaneous congruences contribute only O(p~2). Comparison
with zeta factors near s = 1, using ((1 + s) ~ s !, gives (W log R/d(W))™,
while a Plancherel /integration-by-parts identity gives ¢{'. This proves (4).

Finally, let f(n) = dzA(n) for N/2 < n < N and f(n) =0 otherwise. The
prime number theorem in the progression 1 mod W gives 3y oo, oy A(n) =
(1/2+0(1))N, so Ef > 6;/3 for large N, and 0 < f < v. Theorem 2 gives
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a positive k-AP count. The contribution from d = 0 is negligible, and the
support [N/2, N) prevents wraparound in Zy. Undoing the W-trick proves
Theorem 1.

17.5 Extensions and conjectural generalizations

Section 10 of Conlon-Fox-Zhao [CFZ] records several extensions of the Green—
Tao method. If A C P has positive relative upper density, then A itself
contains arbitrarily long arithmetic progressions. Tao proved that the Gaus-
sian primes contain arbitrarily shaped finite constellations, and Tao—Ziegler
proved polynomial analogues for configurations = + P;(t), ...,z + P,(t) with
£;(0) = 0.

The Green-Tao theorem is qualitative: it proves that progressions of every
length exist, without producing small explicit examples. As of August 2026,
the longest explicitly known progression of primes has length 27 [PG]:

605185576317848261 + 155368778 - 23# - n, n=0,...,26.

It was found by Michael Kwok through PrimeGrid in 2023; no AP28 is cur-
rently known.
A broad generalization of the Green-Tao conjectures by Erdos asserts that
if A C N satisfies .
> =

neA

then A contains arithmetic progressions of every finite length (Green-Tao
theorem would then follow, as >, 1/p = 00).
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18 On the Bogolyubov—Ruzsa lemma

After Tom Sanders [S12]

A summary written by Antonio Rocha-Neves

Abstract

Sanders established a quasipolynomial bound for the Bogolyubov—
Ruzsa lemma, demonstrating that dense sets contain large coset pro-
gressions in their iterated sumsets. We sketch a short, self-contained
proof of this result for the case of Fy.

18.1 Main Theorem

The central result of our exposition is the quasipolynomial bound for Bogolyubov—
Ruzsa lemma in F}, established by Sanders [S12| which we prove using some
probabilistic ideas from the survey of Lovett [L15].

Theorem 1 (Main Theorem). Let A C F} be a set with density o = |A|/2" >
0. Then the sumset 4A contains a vector subspace V- < F3 of codimension

O(log*(2/a)).

To locate this subspace, we combine the Croot—Sisask lemma with Chang’s
theorem. The Croot—Sisask lemma provides a large set of shifts T" that leave
the convolution ¢4 * 154 approximately invariant in LP. By applying Chang’s
theorem, we bound the dimension of the large Fourier spectrum of 7'. The
orthogonal complement of the span of these frequencies defines the desired
low-codimension subspace V', which is subsequently shown to lie entirely in
4 A via Parseval’s identity and the pigeonhole principle.

18.2 Preliminaries and Fourier analysis in [y

Because we work in FJ, we consider only real-valued functions f : F} —
R. We define the expectation Eyepn[f(2)] = 5% very J (%), and omit the
subscript when the domain is F3. For a subset S C 7, the expectation is
Boes[f(2)] = 2 /(2).

If A C Fy has density o« = |A|/2", its normalized indicator function is
¢4 = a'14. Since E[p,] = 1, it acts as a probability density, satisfying
Erealf(z)] = Elpa(z) f(x)]. We abbreviate ¢q) as @,.
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We define the inner product (f,g9) = E[f(x)g(z)] and the convolution
fxg(x) =E,[f(y)g(x+y)]. When applied to density functions, these opera-
tors compute probabilities over independent uniform random variables. For
example, (¢4, f) = %eA[f(x)] and (¢ * ¢, 1c) = Pocagenla +b € C].

The dual group Fy consists of characters y¢(x) = (—1)*), which form an
Fy-vector space under pointwise multiplication. Evaluating k£ such characters
simultaneously at a uniformly random x € F% defines a linear map to F5.
If the corresponding vectors &1, ...,&; are linearly independent, this map
is surjective and by the Rank-Nullity theorem, every target vector has an
identical preimage size, meaning the character evaluations act as mutually
independent uniform random variables on {—1,1}.

o~

The Fourier transform is given by f(v) = E.[f(z)v(z)] = (f,7). Recall

~

that f * g(7) = f(7)3(7), Parseval’s identity gives (f, ) = 3 f(7)3(7), and
that ¢y = 1.

Alongside Markov and Holder inequalities, we will use the following ver-
sion of Khintchine’s inequality:

Lemma 2 (Khintchine’s inequality). Let Xi,..., X, € [—1,1] be mutually
independent, mean-zero random variables. There is a constant C such that
for any p > 1, the p-th moment of their average is bounded by:

([isn]) "<ey

18.3 The Croot—Sisask lemma

The Croot—Sisask lemma shows that there is a large set of shifts T" that leave
the convolution ¢4 * f approximately invariant.

14

1
725

=1

Lemma 3 (Croot-Sisask). Let A C F} be a set of density «, and let f :
F? — [0,1]. For anyp > 1 and £ > 0, there ezists a set T C Fy with density
T > saf, where { = [16C?pe~?], such that for all t € T

e % pax f—daxfll,<e

Proof sketch. We approximate the convolution ¢4 * f(z) with an empiri-
cal average over ¢ independent samples s1,...,s, € A given by Fy(x) =
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%Zle f(z 4 s;). For a fixed z, the terms f(z + s;) — ¢4 * f(x) are inde-
pendent, mean-zero, and bounded by 1, so applying Khintchine’s inequality

gives:
p P
P
< - .

Which implies By, qeal]| Fs—daxf|]]5» < (Cy/p/0)P. Setting £ = [16C?ps—2]
drives the expected error low enough that at least half of the sequences in
Af yield an approximation with L? error < /2. Because translating A by y
shifts these good sequences into (A + y)*, a double-counting argument over
all shifts y € F} guarantees there must exist a sequence s* € (F3)¢ that serves
as an e/2-approximation for a large set of shifts X, where |X|/2" > 1a’.
Because this single sequence s* serves as a shared approximation for every
shift in X, for any z,y € X the triangle inequality gives |[¢atq * f — Pary *
fllp < €/24¢/2 = e. Because the L? norm is translation-invariant, we can
shift the functions by y. Fixing y € X and setting 7" = X + y, substituting
x =y +tylelds ||[¢p; * pa x f — ¢da* f||, < e for all t € T, finishing the
proof. O]

14

S+ )~ oax ()

i=1

Es1,...,3g€A [

18.4 Chang’s theorem

Chang’s theorem bounds the dimension of the large Fourier spectrum.

Lemma 4 (Chang’s theorem). Let A C FY be a set of density a. For any
e > 0, the dimension k of the subspace spanned by the large Fourier spectrum

Spec.(¢a) is bounded by:
k< O(e?log(2/a)).

Proof sketch. Let k be the dimension of the spectrum’s span. We select
M,k directly from Spec_(¢4) to form an Fo-basis of this span. Define
the function F(z) = Zle ci7vi(x) where ¢; = sgn(@(%)).

By definition of F', we have (¢, F') > ke. Conversely, Holder’s inequality
gives (64, F) < l6all, |1 F 1l

Because ¢4 ia_llA, its L? norm is o~ '/P. Because the characters are
independent in %, and therefore independent as random variables, Khint-
chine’s inequality bounds || F||, < C'v/pk. Setting p = 21In(2/«) ensures that
p > 1 and |[¢all, < e, forcing ke < Cy/epk. Squaring both sides and
absorbing the constants yields & < O(e2log(2/a)). O
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18.5 Extracting the subspace (main proof)

We now extract a subspace from 44 of codimension O(log*(2/a)) proving
the main result.

The probability that two random elements of A sum into 24 is 1, that
is, (¢4 * da,laa) = 1. Let m = [3 4 log,(2/a)]. We apply Croot—Sisask to
f =194 with e = 1/(4me) and p = 1 + In(2/«), obtaining a set of invariant
shifts 7. This choice of p bounds the norm, ||¢a[|, = a7 < e.

By the triangle inequality, a concatenated shift x = ¢; + - - - + ¢, incurs
an L error of at most me. Holder’s inequality translates this directly into a
bounded probability drop:

ol B

(Pa, 04 % log — Gy % P * 1oa) < |[|Pallq(me) <

Thus, drawing ay, a; uniformly from A, and ¢4, ...,t,, uniformly from 7" (all
mutually independent), the probability remains high:

Poyaseaper(ar +as +t+ - +t, € 24] >

NIV

Let V' = Spec, /2(¢T)L. We evaluate the probability drop when adding a
uniform random shift v € V. By Parseval’s identity, the probability is the
Fourier sum:

]P)al GQEAtiET’UEV[a/l + as +t1 + - ‘I‘t + v e 2A]

= > 0alv) )" v (y )12A()>g>%

veF”

Where we used that 5‘\/ = 1y1 so the drop in probability can be bounded
by summing the Fourier coefficients along v ¢ V. For such frequencies,
]g/b;(fm < 1/2, so we obtain 27 > @2 = 2""a~! < 1/8 by the choice of m.

Because this probability is greater than half, there must exist a choice b =
ai+ag+ty+---+t,, such that more than half the elements of V lie in 2A+b.
By the pigeonhole principle, any element of V' can be written as the difference
of two elements in this intersection, meaning V' C (2A+0b) + (24 +b) = 4A.

To find the final codimension bound, we combine our two main lem-
mas. Croot—Sisask guarantees the density of T is 7 > a which implies

log(2/7) = O(¢log(2/)).
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Applying Chang’s theorem to T at threshold 1/2 bounds the codimension
of V by O(log(2/7)). Substituting our density bound alongside the chosen
parameters ¢ = O(pe?), p = O(log(2/a)), and e~! = O(log(2/a)) yields a
codimension of O(log*(2/a)).
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19 An equivalence between inverse sumset the-
orems and inverse conjectures for the U?
norm

After B. Green and T. Tao [GT]

A summary written by Nihan Tanisaly

Abstract

We explain Green and Tao’s equivalence between the Polynomial
Freiman-Ruzsa conjecture over F§° and the polynomial inverse con-
jecture for the U2 norm.

19.1 Introduction

A finite set A in an abelian group is a K-approximate group if A = —A and
A+ A is contained in the union of at most K translates of A. A finite set B
K-controls A if |B| < K|A| and A C B + X for some X with |X| < K.

Conjecture 1 (PFR over F3°). There is an absolute constant C > 0 such that
every K-approzimate group A C F is KY-controlled by a finite subgroup.

For f : G — C on a finite abelian group, write E, f(z) = |G|7' Y f(2).
The Gowers norm is

||f\|?]kk =Eohi,. e H Clf(x+w-h),

we{0,1}k

where C* = Z. A map ¢ : F} — T, is quadratic if all its third additive
derivatives vanish.

Conjecture 2 (PGI(3) over F3). There is an absolute constant C' > 0 such
that if | fllee <1 and || fllys = K", then

B, f(2)(=1)"@| > K¢
for some quadratic ¢ : Fy — Fy.

Green and Tao prove that these two conjectures are equivalent |GT].
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19.2 PFR implies PGI(3)

We use the following equivalent formulation of PFR from Lovett |L, Conjec-
ture 3.

Conjecture 3 (Equivalent small-doubling form of PFR). If B C F3* satisfies
|B + B| < L|B|, then there is B' C B such that

Bl > L7CIB|,  [span(B')| < L°|B].

Assume PFR and let f : F} — C satisfy || f]loo < 1 and ||f|lys > KL
Put

fu(z) = fle+R)f(2),  9(&) = Eag(x)(~1)*".

The following is a consequence of Samorodnitsky’s argument [S].

Theorem 4. There is a map ¢ : Fy — FY such that the set of pairs (z,y)
satisfying 6z +y) = B(x) + 6(y) and

@D AT SWD] For (S +9)) > K€
has density at least K=¢ in F} x F3.

Define A = {2 : |fo(¢(2))] > K~C} and let A = {(z,d(z)) : = € A}.
Theorem 4 implies that A has density at least K¢ and that A contains at
least K~C|A|? additive triples. By the Balog-Szemerédi-Gowers theorem,
there is A" C A such that

A= KCAl, A+ A < KO,
Applying Conjecture 3 to A’, we obtain A” C A’ such that
A" > K~C|A,  |span(A”)] < KO|A.

A linear-algebra decomposition of span(.A”), followed by a counting argu-
ment, shows that some affine graph

{(z,Dx+2):x € F}}
contains at least K~|A”| points of A”. Since |A”|] > K~¢|A|, |A| >
K=C|A|, and |A] > K~¢2" this affine graph contains (z, ¢(z)) for a set of =
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of density at least K~ in F}. Hence ¢(z) = Dx + 2 on this set. Since these
x lie in A, the definition of A gives

E,|f.(Dz + 2)> > K=C.

The following is the consequence of Lemmas 6.10-6.11 and the subsequent
argument in [S|. It will be used to pass from an affine frequency map to a
symmetric linear map.

Lemma 5. Suppose that D : ¥y — FY is linear and
E.|fo(Dz +2)]* 2 n

for some z € Fy. Then there is a symmetric zero-diagonal linear map B such
that R
E.|f.(Bx)[* > 1.

Applying Lemma 5, there is a symmetric zero-diagonal linear map B such
that R
E,|f.(Bx)[* > K¢,

Choose a matrix M with B = M + M set q(x) = x - Mz, and define
g(x) = f(x)(—1)7®). Since

q(z +h) +q(z) +q(h) = x - Bh,
we get [E,gn(z)| = |ﬁb(Bh)| and therefore
lgllt> = Bl fu(Bh)? > K€

The identity [|g|l> = > 19(€)|*, together with Plancherel, yields some &
with [g(€)] > K~¢. That is to say,

|Eo f(2)(—1)7%¢7 | > K¢

and x — ¢(x) + £ - x is quadratic. This proves PGI(3).
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19.3 PGI(3) implies PFR
Assume PGI(3). Let S C F have density o, and let ¢ : S — F5° satisfy

vt rs=w3+xs = ¢(x1) + @(x2) = P(w3) + A7) (1)

We first show that ¢ agrees with an affine map on at least 0“2 points of S.
Choose N such that ¢(S) C FY and define

F(a,y) = Ls(x)(=1)*@".

On every three-dimensional cube contained in S, relation (1) implies that
w = ¢(r +w- h) is affine-linear. Thus w — ¢(x +w - h) - (y +w - k) is
quadratic, so the phase cancels in the U? cube product. Consequently

HF”U3(IF;”’N) = \|]15HU3(F5) > 0.
By PGI(3), there is a quadratic ¥ : F3™ — F, such that
B, Ls(z)(=1) 20V En] > 60,

Hence for at least 092" values of # € S, the inner average in y has magnitude
at least 0. The mixed part

B(z,y) = ¥(z,y) + ¥(z,0) + ¥(0,y) + ¥(0,0)

is bilinear, so B(z,y) = L(z) -y for a linear L : Fy — FY. Therefore the
fixed function y +— (—1)¥©®% has a Fourier coefficient of size at least o¢
at frequency ¢(z) + L(x). Plancherel shows that there are only o~?(M) such
frequencies. Pigeonholing gives r € FY for which

¢(x) = L(x) +r

for at least 092" points of S.

We now deduce PFR. Let A C F be a K-approximate group. Choose
n minimal such that some linear map 7 : F3® — FJ restricts to a Freiman
isomorphism on A, and put S = 7(A). Minimality implies

48 = F1.

Indeed, if v ¢ 45, quotienting by (v) would still be Freiman-injective on S,
contradicting the choice of n. Since |S + S| = |A + A| < K|S|, Ruzsa’s
sumset estimate gives

2" = 45| < K9|89),
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so S has density at least K¢,
Apply the affine-agreement statement to ¢ = 7! : S — A. For H =
L(F%), some coset r + H satisfies

AN(r+H)| > K “4], |H|<2"<KCA]

Set B = AN (r+ H) and choose X C A maximal such that the translates
r+ B, z € X, are disjoint. Since they lie in A + A, one has |X| < K©.
Maximality gives A C H + X, and hence H K%-controls A. This proves
PFR.

19.4 The higher-order result

We now work over F = F5. A map ¢ : S — F*> is a Freiman quadratic if its
third additive derivative vanishes whenever the corresponding cube lies in S.
The input is the U* inverse theorem, which states that a 1-bounded function
with large U* norm correlates with a cubic phase.

Proposition 6 (Green—Tao, Proposition 4.2). Let S C F" have density o €
(0,1/2) and let ¢ : S — F> be a Freiman quadratic. Then there is a quadratic
map ¢ : F* — F*° such that

{z € 5:d(x) = ()} > (o) [F|".
Choose N with ¢(S) C FY and define

F(z,y) = Ts(x)er(o(z) - y).

On every four-dimensional cube contained in S, the phase in the U* cube
product cancels because ¢ is Freiman quadratic. Hence ||F||y+ > o, and the
U* inverse theorem gives a cubic phase correlating with F.

Decomposing this cubic according to its degree in y, the Gauss-sum, large-
sieve, rank-reduction, and Plancherel arguments in [GT, proof of Proposition
4.2, using Proposition 4.3| give a quadratic map {ﬁv : F* — FY and a set
R C FN with |R| = O,(1) such that

¢(x) —Y(x) € R

for at least ¢,|F|™ values of z € S. Pigeonholing a value r € R gives ¢(x) =
() +r on at least £(o)|F|™ points. Since v+ is quadratic, the proposition
follows.
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20 An inverse theorem for the Gowers U*-norm

After B. Green, T. Tao and T. Ziegler [GTZ1]

A summary written by Kit Thomas

Abstract
We give a summary of the proof of the U4-inverse theorem due to
Green, Tao and Ziegler [GTZ1|, which shows that functions with a
large Gowers U%-norm correlate with a 3-step nilsequence.

20.1 Introduction

This summary will sketch the proof of the following theorem, due to Green,
Tao and Ziegler [GTZ1].

Theorem 1 (U*inverse theorem, |[GTZ1|). Let f : [N] — C be a 1-bounded
function. Suppose that || f||ya > 8. Then there exists a degree 8 polynomial
nilsequence, (V(n))nez of complexity Os(1) such that

[Einf(n)¥(n)| >5 1.
Before commenting on the proof of the theorem, let us define some of the
objects occurring in its statement.
Gowers norms: Firstly, recall that the Gowers U®-norm is defined as
follows. For an abelian group G and a function f : G — C we have

/]

Here,

Apf(n) = f(n+h)f(n)
denotes the multiplicative derivative of f. To extend this to functions defined
on [N]:={1,...,N}, set G=7Z/NZ for N > 2°N and let
[ fllospy = (1]

after extending f to G by setting it to zero outside of [N]. Henceforth, U*
will be used to denote U®[N]. A key relationship is the fact that, up to
normalisation factors,

vs@/ 11 llvs(6),

sm1\1/2°
I/ ro) 1)

v = (Eallans]
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Nilsequences: The outcome of Theorem 1 is that our function f corre-
lates with an object W(n) which is a degree 3 nilsequence. For the purposes of
this summary, we will avoid rigorously stating the definition of a nilsequence
and hope that the following discussion gives an idea of the kind of objects at
play.

A feature of this paper (compared to, say, the proof of the inverse theo-
rem for general U*-norms |[GTZ2|) is that we can work with explicit bracket
polynomials. These are functions built up of the usual polynomial opera-
tions, as well as allowing bracket operations, {-}, where {x} is the fractional
part of x. Let e(z) denote e*™®. In place of nilsequences in this summary,
we will work with functions e(p(n)) where p(n) is a bracket polynomial. The
fact that taking fractional parts is discontinuous may prevent these functions
from being genuine nilsequences. Sequences which are close to being nilse-
quences (in a precise sense) are referred to in [GTZ1] as almost-nilsequences,
and in practice, it is possible to get around these discontinuity issues using
quantitative equidistribution results.

The following are some examples of almost-nilsequences:

e c(an), e(a{fn}) (degree 1)
e c(an?), e(an|fn]) (degree 2)

o c(an®), e{an}{Bn}yn), e({an}Bnlyn)), e(an?|fn]) (degree 3).

We will also not comment on the notion of complexity of a nilsequence.
Therefore, a rough statement of Theorem 1 that we are trying to prove in
this sketch could be showing that

[Enepny f(n)¥(n)] > 1,
for some function ¥(n) which is a product of degree 1, 2 and 3 almost-
nilsequences of the above forms.

20.1.1 Preliminaries

A key input for the proof of the U? inverse theorem is the U3 inverse theorem
[GT1].

Theorem 2 (U? inverse theorem, rough version). Let f : [N] — C be a
1-bounded function with ||f||ys > 0. Then there exists a sequence (V(n))nez
such that

Eneivy f(n)®(n)] >5 1,
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where W(n) is a degree 2 almost-nilsequence (of bounded complexity).

For our purposes, we can assume that ¥ is the product of terms of the
form:

e(an?), e(Bn) and e(én|E'n)).

Additionally, the proof requires quantitative results about the equidistribu-
tion of nilsequences in nilmanifolds (|GT?2|, [GT3]). Very roughly speaking,
this allows the distribution of functions such as e(én|&'n|) to be deduced
from the distribution of ({n,&'n) in the torus.

20.2 Proof outline

The starting point of the proof is to use the identity (1) to show that the
assumption ||f||g« > ¢ implies that there is a large set of values H C [N]
such that ||Axf|lgs >s 1 for all h € H. Applying the U? inverse theorem,
we obtain that _

[EncinAnf (n)xa(n)| >5 1

for each such h, where

xn(n) = e(ann® + By + Y &uinlénim]). (2)

The first few steps reveal the dependence of the coefficients in (2) on h.
This will allow us to show that Ay f correlates with what is essentially the
derivative of a degree 3 nilsequence. The fact this holds for many h allows
us to "integrate" and get the conclusion that f correlates with a degree 3
nilsequence.

20.2.1 Correlation among the y,

Following an argument of Gowers, the next step is to deduce some weak
linear structure among the yj(n) via applications of the Cauchy-Schwarz
inequality.

Proposition 3. For many additive quadruples (hy, ..., hs) € H* with hy +
h2 - h3 + h4,

|Enev)Xn: (1) Xy (0 4= 1 — Ba) X iy (1) Xny (0 + By — hy)| >5 1.
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20.2.2 Reducing h-dependence

Let Zj be the set of frequencies &, ; coming from (2).

The next step is to show that not too many of these frequencies genuinely
depend on h. This is done by iteratively decomposing the sets =, into a
"core" set of frequencies which are the same for each h, and "petal" sets
consisting of the remaining frequencies. Furthermore, for the terms of the
form e(&,n|&nyn]) appearing in (2), at most one of the values &, ; or &, s
can come from a petal set.

At each step of the iteration, Proposition 3 is used to show there is cor-
relation amongst the x;,. Quantitative equidistribution results relate this to
the distribution of values in the sets =, to get the conclusion.

20.2.3 Approximate linearity of h-dependent frequencies

The next step is to show that there is a further decomposition such that
the h-dependent frequencies, &, ;, are bracket linear, meaning they are of the
form

Eni = bo + ar{bih} + ... + ag{bah} + Oh.

Once again, this is proved inductively and makes crucial use of Proposition
3 and quantitative equidistribution results. This reveals essentially rational
relations between remaining frequencies &, ;, at which point tools regarding
approximate homomorphisms upgrade this to show bracket linearity.

This can also be extended to show that the quadratic coefficients, «y,, are
bracket linear.

20.2.4 Symmetry argument

Combining the previous steps gives that

Enevy f(n) f(n+ h)xn(n)| >s5 1

for many values of h, where the x,,(n) can be written as the product of terms
of the following form:

e({ah}Bn|yn]), e(a{Bh}n?) and e(yn).

Note that the dependence on h for the quadratic terms has been made ex-
plicit. Moreover, considering both h and n as variables, the above terms
begin to resemble degree 3 almost-nilsequences.
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Write x4 (n) = e(3T'(h,n,n))e(8yn), where T'(z,y, z) is a bracket polyno-
mial consisting of terms {ax}fBy{yz} and a{fz}yz.

The main work of this final section is to show that 7" is trilinear and
symmetric (upon restricting its domain to certain Bohr sets).

Having deduced these properties, we can use these and Proposition 3 to
build a degree 3 almost-nilsequence W(n) such that f(n)¥(n) has large U3
norm. By the U? inverse theorem, this correlates with a degree 2 almost-

nilsequence:
[Eneiny f(n)¥(n)p(n)] >5 1.

The product ¥(n)e(n) is a degree 3 almost-nilsequence as required.
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21 Freiman’s theorem in groups with bounded
exponent
After Yufei Zhao [YZ]

A summary written by Shota Uka

Abstract

We prove Freiman’s theorem in groups with bounded exponent.

21.1 Introduction

We begin by introducing the necessary notions and recalling Freiman’s theo-
rem for integers and for general abelian groups. We then focus our attention
on the case of groups with bounded exponent.

Definition 1. Let A and B be finite subsets of an ambient abelian group.
We define

(i) the sumset A+ B:={a+b:a€ AbE B},

(i) the iterated sumset kA = A+ ---+ A (k times),
(iii) the dilated set NA :=={)a :a € A},
(iv) the difference set A— B :={a—b:a€ Abe B}.

At the center of Freiman’s theorem is the following question: If we know
that A + A is small, what can we infer about the set A itself? Let us
first start with the converse question: What can we say about the sumset
A+ A, if we know |A|? These answer follows from very simple combinatorial
considertations: Let n = |A| and denote by a; < ay < - -+ < a, the elements
of A. Then we have

ata<ata<---<at+a, <ay+a, <...aq,+a,.
Hence, we get 2n — 1 different elements of A + A, so

204] — 1< |A+ A
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Since, obviously, there are (";Ll) unordered pairs of elements of A, we have
A+ Al < (|A|2+ 1).

Combining alltogether, we have proven

Proposition 2 (Easy bounds on sumset size). Let A C Z be a finite set.
Then

oA —1< A+ Al < (|A|2+ 1).

To study the relation between the sumset A + A and A we introduce:

Definition 3 (Doubling constant). Let A be a finite subset of an abelian
group. We call the ratio |A + A|/|A| the doubling constant of A.

For arithmetic progressions, the previous proposition immediately gives
an upper bound of the doubling constant:

Example 4. (i) Let A C Z be a finite arithmetic progression. Then |A +
Al =2|A| — 1 < 2|A|. Hence, A has doubling constant at most 2.

(ii) Let B be a finite arithmetic progression and A C B such that |A| >
|B|/K. Then

|A+ A| < |B+ B| <2|B| <2K|A|.
Therefore, A has doubling constant at most 2K .

We can generalize arithmetic progressions in multiple dimensions in the
following sense:

Definition 5 (GAP — generalized arithmetic progression). A generalized
arithmetic progression (GAP) in an abelian group I' is an affine map

0 L] x -+ X [L T,
i.e. for some aq,...,aq €T,
d(r1,. .., xq) = ag + a1 + -+ - + agxg.

We call this GAP proper if ¢ is injective. The dimension of this GAP 1is
defined to be d and the volume is given by Ly ... Lq.
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Remark 6. (i) Abusing notation, we may sometimes use the term GAP
to refer to the tmage of the affine map ¢, i.e.

P:CL0+(11[L1] +"'—|—CLd[Ld]
={ao+aw + - +agrq: 1 € [La], ... 24 € [Lal}.

(i1) Let P ={ap+a1x1+---+aqzq: x1 € [L1],...,xq € [La]}. Then clearly
|P + P|/|P| <2¢, if ¢ is proper.

(11i) Let P be a proper GAP of dimension d and A C P such that |A] >
|P|/K. Then

|A+ Al < |P+ P| <2¢|P| < 27K|A|.
Hence, A has doubling constant at most 29K .

Considering these examples, we see that for certain sets we can imme-
diately find upper bounds for the doubling constant. So, if we know the
structure of the set, we can deduce an upper bound for the doubling con-
stant. The reverse question, however, cannot be answered that easily: What
can we say about sets with small doubling constant? Freiman’s theorem
completely characterizes these sets. In fact, we will see that sets with small
doubling constant have the same structure as Remark 6 (iii):

Theorem 7 (Freiman’s theorem). Let A C Z be a finite set such that |A +
Al < K|A|. Then A C P, where P is a GAP of dimension at most d(K) and
volume at most f(K)|A|. The constants d(K) and f(K) depend only on K.

Remark 8. (i) We can show that d(K) < K — 1 and f(K) = 95,

(ii) Freiman’s theorem is also called Freiman-Ruzsa theorem. Ruzsa (1997)
managed to provide a significantly simpler proof than Freiman’s original
proof in 19783.

Note that we only consider a subset A of Z in the above version of
Freiman’s theorem. Green and Ruzsa (2007) proved that Freiman’s theo-
rem holds for an arbitrary abelian group. To state that version we need the
following

Definition 9 (Coset progression). A coset progression is a set of the form
P+ A, where P is a GAP and H is a subgroup of the ambient abelian group.
The dimension of this coset progression is defined to be the dimension of P
and the volume is given by |H|vol(P).
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Then the following generalization of Freiman’s theorem holds:

Theorem 10 (Freiman’s theorem for general abelian groups). Let A be a
subset of an abelian group such that |A + A| < K|A|. Then A C P, where
P’ is a coset progression of dimension at most d(K) and volume at most
f(K)|A|. The constants d(K) and f(K) depend only on K.

We can now state Freiman’s theorem for groups with bounded exponent.
To do so, we need

Definition 11. Let G be an abelian group. We define the exponent of G as
the smallest positive integer r such that re = 0 for all x € G. If no such
integer exists, we define the exponent to be infinite.

Example 12. 1. The finite field F} has exponent 2.
2. Z/NZ has exponent N.
3. 7 has infinite exponent.

Let G be a group and A a subset of G. We denote by (A) the subgroup of G
generated by A. Clearly, the exponent of G is given by sup,.q |(x)|, where
|(x)] is the order of the element z. If G is a vector space, then (A) is the
smallest subspace containing A.

Theorem 13 (Freiman’s theorem for groups with bounded exponent). Let
A be a finite set in an abelian group with exponent r < co. If |[A+A| < K|A|,
then

()] < K> 4]

We will spend the rest of the talk proving this theorem.

21.2 Pliinnecke’s inequality and Ruzsa’s coverling lemma

The proof of Theorem 13 is very short and essentially relies on applying
Pliinnecke’s inequality and Ruzsa’s coverling lemma. This section is devoted
to these two lemmas. We start with Pliinnecke’s inequality which states that
sumsets of sets with small doubling constant are also small:
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Theorem 14 (Pliinnecke’s inequality). Let A be a finite subset of an abelian
group such that

|A+ Al < KA.
Then for all m,n € Z.,
ImA — nA| < K™ A.

Remark 15. Quer the years different proofs of this theorem were presented,
first by Pliimnecke (1970), then a simpler proof by Ruzsa (1989), and finally
a very short proof by Petridis (2012) which we follow here.

The more general statement holds as well:
Theorem 16. Let A and B be finite subsets of an abelian group such that
|A+ B| < K|A|.
Then for all m,n € Z.,
ImB —nB| < K™™|A|.

The second essential ingredient in the proof of Freiman’s theorem is
Ruzsa’s coverling lemma.

Theorem 17 (Ruzsa coverling lemma). Let X and B be finite sets in some
abelian group. If

| X + B| < K|B|,
then there exists a subset T C X with |T| < K and X CT + B — B.

21.3 Proof of Freiman’s theorem in groups with bounded
exponent

We can now prove Freiman’s theorem in groups with bounded exponent.

Proof. Pliinnecke’s inequality, Theorem 16, implies

A+ (24— A)| = |34 — A| < K*|A].
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Choosing X = 24 — A and B = A in Ruzsa covering lemma, there exists
a subset T C 2A — A with |T]| < |[A+ (24— A)|/|A| < K* and 24 — A C
T+ A— A. Adding A to both sides gives

BJA—A=2A-A4+ACT+2A-AC2l'+A- A
——

CT+A-A

By induction over n > 0, we get
m+1DA-ACnT+A-AC(T)+A-A.

Recall that we consider an abelian group with bounded exponent. Hence, for
every x € (A) there exists n € N such that x € nA. Consequently,

(A clJnA+A-4)c(T)+A-A (1)

n>1
Moreover, since the exponent is at most r < co and |T'] < K*,

()| < T < (2)
Again applying Pliinnecke’s inequality, Theorem 14, we obtain

|A— Al < K?|A. (3)
Combining (1), (2) and (3) gives

(A < [T+ A=A < (DA - Al < r¥ KA
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22 The sum-product problem over the reals

After G. Elekes [Ele] and L. A. Székely [Sz|

A summary written by Pauwel Van Den Feckhaut

Abstract

We present Elekes’s proof of the sum-product estimate
max{|A + A|,|[A4]} 2 |AP/*

for finite sets A C R. The main ingredient in this proof is the Szemerédi—
Trotter theorem on the number of incidences between points and lines
in the plane. Following Székely, we derive this theorem from the cross-
ing number inequality for simple graphs, using a probabilistic argu-
ment to prove the latter.

22.1 The sum-product problem

Let A C R be a finite set. Its sumset and product set are defined as
A+A={a+b:abe A}, AA={ab:a,be A}.

One can use the sum and product sets to quantify the additive and mul-
tiplicative structure of A. Indeed, by counting pairs in A, we obtain the

bounds
Al <|A+ A S AP, A < JAA| S |AP.

Here, we write x < y if < C'y for some absolute constant C' > 0. The sizes
of A+ A and AA measure how frequently pairs of elements in A produce
the same sum or product. When |A + A| is comparable to |A|, many pairs
in A produce the same sum, so A has high additive structure. On the other
hand, when |A + A| is comparable to |A|?, there are few such coincidences,
so A has low additive structure. By the same reasoning, |AA| measures the
multiplicative structure of A.

For example, arithmetic progressions have high additive structure and
low multiplicative structure, whereas geometric progressions have high mul-
tiplicative structure and low additive structure. These examples suggest a
tension between additive and multiplicative structure: a set cannot be highly
structured with respect to both operations simultaneously. This was made
precise by Erdds and Szemerédi [ErSz| in the following theorem.
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Theorem 1 (Erdés—Szemerédi theorem). There exists € > 0 such that every
finite set A C R satisfies

max{|A + Al |[AA[} 2 |A]".

In their paper, Erdés and Szemerédi in fact conjectured the much stronger
bound
max{|A + A[, |[AA[} 2 [A[P7W

where o(1) is some quantity going to zero as |A| — oo. This statement, known
as the sum-product conjecture, was a longstanding open problem until it was
disproved in a recent preprint of Bloom, Sawin, Schildkraut, and Zhelezov
[BSSZ]. The analogous question for finite subsets of the integers, however,
remains open to this date.

We will prove the following estimate, due to Elekes [Ele|, which improves
the exponent in Theorem 1.

Theorem 2. Every finite set A C R satisfies
max{|A + A, [AA]} 2 |A]P/.

Elekes’s argument works by converting the problem to a question about
the number of incidences between points and lines in the plane. The main in-
put here is the Szemerédi—Trotter theorem, which provides an optimal bound
for such incidences. In the next section, we explain Székely’s proof of the
Szemerédi-Trotter theorem, which is based on the crossing number inequal-
ity for simple graphs [Sz|]. The final section shows how this implies Theorem
2.

22.2 Crossing numbers and the Szemerédi—Trotter the-
orem

All graphs below are understood to be finite and simple. Given a graph G, we
consider drawings in the plane, where vertices are represented by points, and
edges by continuous curves, such that no edge passes through any vertices
except its endpoints. The crossing number cr(G) is the minimal number of
edge crossings over all such drawings of G. Here, if multiple edges cross at a
single point, we count one crossing for each pair of these edges. Our first goal
is to obtain a useful lower bound for the crossing number. In the following
argument, we follow the exposition by Zhao |Zh].
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We begin with the elementary fact that every planar graph G = (V, E)
satisfies
|E] <3V

Indeed, for a connected graph containing at least one cycle, this is a con-
sequence of Fuler’s formula. The general case then follows by considering
connected components separately, and noting that the claimed inequality is
trivial for trees.

By definition, every graph G can be made planar by deleting at most
cr(G) many edges. Combining this with the above inequality, we obtain
|E| — cr(G) < 3|V, or equivalently

ex(@) = |B| - 3V]. (1)

For graphs with many edges, we can use a probabilistic argument to
strengthen this bound and to prove the following theorem, originally due
to Ajtai, Chv?7tal, Newborn and Szemer??di [ACNS|, with an independent
proof by Leighton [Lei.

Theorem 3 (Crossing number inequality). Let G = (V, E) be a graph satis-
fying |E| > 4|V'|. Then
_IBP

cr(G) 2 VI

Proof. Fix a drawing of G with cr(G) many edge crossings. Choose any p €
(0, 1]. Now, independently randomly retain each vertex of G with probability
p, and discard all other vertices. In this way, we obtain a random graph
G' = (V', E') defined as the induced subgraph on the retained vertices. By
taking expectations in (1), we see that

E cr(G') > E|E'| — 3E|V'| = p?*|E| — 3p|V|.

Here, we used that an edge is retained if and only if its two endpoints are re-
tained, which occurs with probability p?. The chosen drawing of G induces a
drawing of the subgraph G’. Each edge crossing in the original graph involves
four endpoints, so it remains present in G/ with probability p?. Therefore,

E cr(G') < pler(G).

It follows that
cr(G) > p?|E| = 3p~*|V].
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Setting p = 4|V|/|E| < 1, we see that

1E|?
> .
cr(G) > GATV

O

Following the argument of Székely [Sz|, we now apply this inequality to
incidences between points and lines in R? to obtain the Szemerédi-Trotter
theorem. Given finite sets P of points and L of lines in R?, the number of
incidences is

#i=|{(p,l) e Px L:pel}.
Trivially, #i < |P||L|. The Szemerédi-Trotter theorem improves this bound
significantly.

Theorem 4 (Szemerédi—Trotter theorem). For every finite set P of points
and every finite set L of lines in R?,

#i < |PIPBILIPE + |P| +|L|.

Proof. We may assume without loss of generality that every line in L con-
tains at least two points of P, since the lines containing at most one point
contribute at most |L| incidences, so we can simply discard them.

Construct a graph G = (V, E') with vertex set V' = P by connecting every
pair of points that lie consecutively on a line in L by an edge. Drawing each
edge as the corresponding line segment, we obtain a drawing of G. The graph
G is simple, since two distinct points determine at most one line of L.

A line in L containing k > 2 points contributes k£ — 1 > k/2 edges to G.
Hence ,

#1

El > —.
o/

If #i < 8|P|, the claimed inequality is immediate, so we may assume that
#i > 8|P|. In this case, |E| > 4|P| = 4|V]|, so by the crossing number
inequality, Bp ,

E #i
In the drawing constructed above, two edges can cross only if they lie on
different lines of L. Consequently,

ey < (1) < e 3)
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Combining (2) and (3) yields
#i S |PIPPILPPE.

Adding back the discarded lines and the alternative case #i < 8|P| proves
the theorem. ]

22.3 Elekes’s sum-product bound

We now apply the Szemerédi-Trotter theorem to prove Theorem 2. In fact,
we will prove the stronger estimate

A+ Al|AA| Z [AP?
for every finite set A C R.

Proof of Theorem 2. Assume without loss of generality that 0 ¢ A. Let
P=(A+A) x AACR?

and for a,a’ € A, consider the line l, o := {(z,y) € R?* : y = a(z—ad’)}. These
lines are distinct: their slopes determine a, and since a # 0, the intercept

determines a’. Let
L={lyy :a,d € A}.

Thus
|P| = [A+ Al|AA], L] = |AJ]?.

For every b € A, the point (a’ + b, ab) belongs to P N, .. These points are
distinct as b varies. Every line [, is therefore incident to at least |A| points

of P, and hence
#i > |A||L] = |A]°. (4)

By the Szemerédi-Trotter theorem,
#i S|PPPILPE + |P| + |AP. (5)

We can absorb the last two terms into the first one. Indeed, the trivial
bounds on the sumset and product set give

A" <Pl S A%
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which implies that |P| < |P[*3|A|*/? and |A|? < |P|¥/3|A|*/3.
Combining (4) and (5) therefore gives

AP S |PPOA.
Rearranging, we obtain
[Pl = A+ A||AA| 2 |AP2.
Finally, max{|A + AJ, |[AA|}*> > |A + A||AA]|, and so
max{|A + A|, |AA|} > |A]P4
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23 Szemerédi’s regularity lemma and the tri-
angle removal

After Y. Zhao [Z]

A summary written by Hanaé Vandanjon

Abstract

We present Szemerédi’s regularity lemma, which decomposes a fi-
nite graph into a bounded number of approximately regular pairs. We
give its energy-increment proof and derive the triangle removal lemma
as an application.

23.1 Introduction

In what follows, G denotes a finite undirected graph, V(G) its vertex set and
E(G) its edge set. Roughly speaking, Szemerédi’s regularity lemma states
that the vertex set of any finite graph can be partitioned into a bounded
number of parts such that almost all pairs of parts have a nearly uniform
distribution of edges. The regularity lemma was introduced by Szemerédi in
his proof of Szemerédi’s theorem on arithmetic progressions and has since
found many applications in graph theory, among which is the classical trian-
gle removal lemma.

Theorem 1 (Triangle removal lemma). For every ¢ > 0, there exists 6 > 0
such that any graph on n vertices with fewer than on® triangles can be made
triangle-free by removing fewer than en? edges.

23.2 Szemerédi’s regularity lemma
23.2.1 Preliminary definitions

In order to state Szemerédi’s regularity lemma, we first formalize the notion
of nearly uniform edge distribution.

Definition 2. Let U /W C V(G). We denote by eq(U, W) the number of
edges between U and W, i.e. eq(U, W) = [{(u,w) e U x W |uw € E(G)}].

We define the edge density of U and W by dg(U, W) = %.
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Definition 3. Let ¢ > 0 and U/W C V(G). We say that (U, W) is an e-
reqular pair if, for all A C U with |A| > €|U| and all B C W with |B| > ¢|W|,
we have

|da(A, B) —dg(U,W)| < e.

The intuition one should have is that the edges between an e-regular pair
are evenly distributed. When (U, W) is not e-regular, we call a pair A C U,
B C W violating the above condition a witnessing pair. We also extend the
notion of regularity to partitions of the vertex set.

Definition 4. A partition P = {Vi,...,Vi} of V(G) is said to be e-reqular
if
Y. Vv ev(a)P.

(i7j)6{17“'7k}2
(Vi,Vj) not e-reg

In other words, in a regular partition almost all pairs are regular.

23.2.2 Regularity lemma
We now have all the tools required to state Szemerédi’s regularity lemma.

Theorem 5 (Szemerédi’s regularity lemma). For every e > 0, there exists
a positive integer M such that every graph admits an e-reqular partition into
at most M parts.

The proof proceeds by repeatedly refining the trivial partition {V(G)}
until it becomes e-regular. Here, a partition Q is said to refine a partition
P if every part of Q is contained in a part of P. To control the number of
refinements, we introduce an energy quantity which increases at each step
and is bounded.

Definition 6. Let U, W C V(G). We define the energy of U and W by

_ oy
EE

For partitions Py = {Uy,...,Ux} of U and Py = {Wi,..., Wi} of W, we

define
k l
4Py, Pw) == > q(Us, W),

=1 j=1

Finally, for a partition P of V(G), we set q(P) := q(P,P).
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Since 0 < dg(U, W) < 1, we have 0 < ¢(P) < 1 for every partition P
of V(G). We now state three lemmas describing the behavior of the energy
under refinement.

Lemma 7 (Energy never decreases under refinement). Let U,/ W C V(G),
and let Py and Py be partitions of U and W, respectively. Then

q(PU, Pw) > q(U, W)

Sketch of proof. Write Py = {Uy,...,Ux} and Py = {Wy,...,W;}. Pick
uniformly and independently z € U and y € W, and let 4,5 be such that
x € U; and y € W;. Setting Z := dg(U;, W;), we have

_ V(@GP

E[Z] =de(U,W),  E[Z°] = U|[W]

q(Pu, Pw).

The result follows from Jensen’s inequality. O

This lemma implies in particular that if Qp refines Py, then

q(Qu,Pw) > q(Pu, Pw).

Lemma 8 (Energy boost for an irregular pair). If (U, W) is not e-regular,
witnessed by A C U and B C W, then

4 U]

The proof follows by estimating Var(Z) from above and below, with Z
defined as before. We now combine the two preceding lemmas to obtain the
refinement needed in the proof of the regularity lemma.

Lemma 9 (Energy boost for an irregular partition). Let P = {V4,...,Vi}
be a partition of V(G) which is not e-reqular. Then there ezists a refinement
Q of P such that every V; is partitioned into at most 281 parts and

q(Q) > q(P) +£°.

In particular, Q has at most k2**! parts.
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Sketch of proof. For every pair (V;,V;) which is not e-regular, choose a wit-
nessing pair (A%, B%). By symmetry, we may choose A" = B7*. We define
Q by subdividing each V; according to these subsets: two vertices belong to
the same part of Q if they belong to exactly the same subsets A*/. Thus Q
is a refinement of P. Inside each V;, at most k£ + 1 such subsets are involved,
so Q divides each Vj into at most 2¥*! parts. The energy estimate follows
from the two preceding lemmas. m

We are now ready to prove the regularity lemma.

Proof of the regularity lemma 5. Start with the trivial partition Py = {V(G)}
and apply the energy boost lemma whenever the current partition is not e-
regular. Since the energy increases by at least £® at each step and is bounded
above by 1, the procedure terminates after at most ¢=° steps. Moreover, a
partition with k parts is refined into at most k28! < 22" parts. Since we
start the trivial partition of size 1, the final e-regular partition has at most

tower([2e7°])

parts, where tower(k) denotes the iterated power of 2 of height k. O

23.3 Triangle removal lemma

The proof of the triangle removal lemma proceeds as follows. We first apply
the regularity lemma to obtain a regular partition, and then remove the edges
between unsuitable pairs, in a sense to be made precised below. A counting
lemma will then imply that the resulting graph is triangle-free. We begin
with a simple consequence of regularity.

Lemma 10 (Most vertices have roughly the same degree). Let (U, W) be
an e-reqular pair. Then fewer than e|U| vertices in U have fewer than

(de(U,W) — e)|W| neighbors in W.

Theorem 11 (Triangle counting lemma). Let G be a graph and U, W, Z C
V(Q) such that (U,W), (W, Z) and (Z,U) are all e-regular pairs for some
e>0. Ifda(U,W), da(W,Z), de(Z,U) > 2, then

H(u,w,2) € UxW x Z: uwz triangle in G}|
> (1=2¢)(dg(U, W) — &) x (da(W, Z) — €)(da(Z,U) — e)|U||W]|Z].
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The proof follows by applying the previous lemma to count common
neighbors. In particular, three pairwise e-regular sets with sufficiently large
edge densities contain many triangles. With this in mind, we are ready to
prove the triangle removal lemma.

Proof of the triangle removal lemma 1. Let ¢ > 0 and let G be a graph on n
vertices with fewer than én? triangles, with § to be defined later. Apply the
regularity lemma to obtain an §-regular partition {Vi,...,V;,}.

For every (i,j) € {1,...,m}? remove all edges between V; and V; whenever

en
4dm
e

Since the partition is £-regular, condition (a) removes at most n* edges.
By definition of the edge density, condition (b) removes at most %nZ edges.
Finally, for condition (c), the union of the parts of size less than ™ has size
at most <, so at most inQ edges are removed. Thus, the process removes at
most en? edges in total.

Assume that the resulting graph still contains a triangle with vertices in V;,
V; and Vj. Since none of the three corresponding pairs was removed, the

triangle counting lemma gives:

(a) (V, V}) is not Z—regular, (b) da(V;, V) < % or (c) min(|Vi|,|V;]) <

(1355 s g2 (1) &) (2

Since every triangle is counted at most 6 times as an ordered triple, this
contradicts the assumption that G contains fewer than én? triangles whenever

1 €\ (EN3/ €\
1<5(1-3) (1) (@)
< 6 2/ \4 dm
Since m depends only on &, we may choose § = d(¢) > 0 satisfying this

inequality. Hence the resulting graph is triangle-free, completing the proof.
O
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24 On a Conjecture of Marton

After Gowers, Green, Manners, and Tao [GGMT1]

A summary written by Jianghao Zhang

Abstract

The polynomial Freiman-Ruzsa conjecture for bounded-torsion groups
was recently resolved in [GGMT1, GGMT2|. Here we give a brief
summary of the main proof ideas in the simplest case G = Fy. This
exposition closely follows [Green, Tao|.

24.1 Introduction

The polynomial Freiman-Ruzsa conjecture in F} is stated as follows:

Theorem 1. Suppose that A C F3 is non-empty with |A+ A| < K|A|. Then
there is a subgroup H < Fy with |H| < |A| such that A can be covered by at
most 2K°0) translates of H.

This result, known as Polynomial Freiman-Ruzsa (or Marton conjecture),
was established in [GGMT1]. The point here is that the number of translates
we need to cover A is polynomial in the doubling constant K, which is a
strong quantitative dependence.

24.2 The key inductive strategy

The Rusza distance between two subsets A, A’ of some abelian group (in
particular, F%) is defined by

n._ |A — A/|
deom|A, A'] :=log |A|%|A’|%
One may think of deom[A, A'] as a measure of how the additive structure of
A close to the additive structure of A’. By constructing a natural injection,
one can show the triangle inequality deom[A, C] < deom[A, B] + deom|B, C| for
Ruzsa distance.

The condition of Theorem 1 says deom[A, A] is small. (Here we used
A = —A in F}, but even in general deom[A, A] and deom[A, —A] are not so
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different at the heuristic level.) While the conclusion of Theorem 1 may be
informally stated as finding a subgroup H such that de.m[A, H] (i.e. close to
A in the additive-structure sense).

The basic proof strategy is induction on the doubling constant. The base
case is |[A+ A| = | A|. In this case, we can deduce that A is indeed a subspace
of F, so the conclusion holds.

In each induction step, we hope to find some A’ such that

1. The additive structure of A’ is close to that of A. (e.g. deom[A, A'] =
O(log K).)

2. A’ has a smaller doubling constant than A. (e.g. |A'+ A'| < K%9]A'|.)

Suppose we can do so. Then iterating this process gives us a sequence of sets
A, such that A,,; = A/. Since the doubling constant K,,; < K%% the
base case implies that Ay = H for some large N. Then for A = Ay we may

estimate

dcom[A7 H] S dcom[A7 Al] + dcom[Ah A2] + -
<log K + log K% + log(K*99)%9 ... <log K.

Then one can show (via the above inequality) H is roughly what we want.
How to find the ‘improving’” A’ from A? We have the following two
motivating examples:

1. Suppose A is a random subset of a subspace H with |H| ~ K? such that
each element of H is included with probability K~'. In this case, |A]
is typically K. Moreover, P(x € A+ A)~ > . .. Plye Aze
A) = |[HIK2 ~1,s0 A+ A~ H. Thus A has doubling constant
roughly K, but A + A has doubling constant roughly 1. It is a good
idea to using A + A as the ‘improving’.

2. Suppose A = |_|jl.(:1(aj + H) for suitablely selected (a;)1<j<x. Then
A+ A= I_lf<j<j’<K(aj +a;y + H), so A has doubling constant ~ K.
However, AN (A+y) with y = a; —as (say) isa; + H. And ay + H
has doubling constant 1. Hence is a good idea to using AN (A +y) as
the ‘improving’ in this case.

It is possible to build more complicated examples. For example, we may

take a subspace H with |[H| ~ K and let A be a random subset of |_|§f1 (a; +
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H) such that each element is included with probability K ~3. Then A has
K

doubling constant roughly K. Moreover, A+ A ~ |_|1<j<j,<K% (a;4+ay+H),so
that A+ A has doubling constant roughly K as well. We see replacing A with
A + A does not improve the doubling constant. However, this replacement
changes the shape of A into the form of the second example above, so further
replacing A + A with (A + A) N (A + A + y) can improve the doubling
constant. These examples suggest our induction strategy: Show one of the
above two operations or a more complicated combination of them can give

us the ‘improving” A’.

24.3 Entropy notion

However, this strategy is not easy to made rigorous using the above tra-
ditional doubling constant and Ruzsa distance. This is because these tra-
ditional notions do not behave well under homomorphism projections. By
homomorphism projection we mean some map like 7 : F§ x Fy — F5 de-
fined by m(z,y) :== = +y. We need such 7 to construct our ‘improving’
candidates. The solution is to work with the entropic analogue of doubling
constant/Ruzsa distance.

Definition 2. Let X,Y be F}-valued random variables. Define their entropic
Ruzsa distance as

dX,Y]:=HX —-Y') - %H(X’) - %H(Y’),

where X' Y are independent copies of X,Y respectively.

One can reformulate Theorem 1 and the above induction strategy using
the language of entropic Ruzsa distance. In particular, our goal becomes:
Given Fj-valued random variable X, find X’ such that d[X’, X'] < (1 —
co)d[X, X] and d[X, X'] < Cod[X, X]. Here ¢y is a small positive constant,
and () is a large positive constant.

The advantage of using entropic Ruzsa distance lies in the following
(corollary of) fibring identity:

Lemma 3. Let Zy, Zy, Z3, Z4 be independent copies of X. Then

2d[ 71, 75| = d[Z) + Za, Zh + Zs| + d|Z1| 2y + Zo, Z1| 21 + Zs)
+I(Zy+ Zy - Zy+ Z4|Zy + Zoy + Zs + Zy).
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Here we would like to set X' := Z) + Zy or X' := (Z1|Z1 + Z3) as our
‘improving’. If neither of them satisfies our requirements, then Lemma 3
implies [(Z + Zy : Zo + Zy|Z1 + Zo + Z3 + Z4) must be small. In this case,
we enter the endgame.

24.4 Endgame

Smallness of I(Z) + Zy : Zy+ Z4|Z1 + Zo + Zs + Zy) means Zy + Zo, Zio + Zy
are ‘almost independent’ conditioned on 7y + Z5 + Z3 + Z4. Suppose they
are independent for this heuristic discussion. We then make the crucial use
of the fact that our group has a bounded characteristic (actually equals to
2): (Z1+ Zs) + (Zs + Zy) = Zy + Zy. This means the independent sum of
two copies of X' := Z; + Z has the same distribution as X’ itself. (The
independent sum is (Z1 + Zs) + (Za+ Z4) = Z1 + Zy. Note that Zy, Zy, Z3, Z,4
are independent copies of X.) Thus d[X’, X’| = 0, which is definitely a
satisfactory ‘improving’.

To made this discussion rigorous, we need the following entropic analogue
of Balog—Szemeredi—Gowers.

Lemma 4. Let A, B be (not necessarily independent) G-valued random vari-

ables. Let Z :== A+ B, A, .= (A|Z = 2),B., := (B|Z = z). Then

sz B <3I(A:B)+2(H(A+ B) - %H(A) - %H(B)).

Note that the second term of RHS may not equal to dfA, B] since A, B may
not be independent.

Lemma 4 roughly says we can find A’ B’ with small entropic Ruzsa dis-
tance from A, B with small /(A : B) and small H(A+ B)— $H(A)—1H(B).
To see how this lemma relates to the ordinary BSG, let’s recall the following
form of ordinary BSG [TV].

Lemma 5. Let A, B be subsets of an abelian group G. Let E be a subset of

E
A X B (i.e. a subset of all edges between A and B). Define A+ B = {a+b:
(a,b) € E}. Suppose

B E
> AL 4 T ) < kjagi s,
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Then we can find A’ C A, B' C B with |A’| 2 K~'|A|,|B'| 2 K|B| such
that ) )
A4+ B S KOO B,

[AllB|
K

Compare Lemma 4 and Lemma 5. One may regard |E| > as small-

ness of I(A : B) (almost independence), |A —PIJ— B| < K|A|z|B|2 as small-
ness of H(A + B) — $H(A) — 1H(B) (small ‘dependent doubling’), and
|4+ B'| < KOW|A'|2|B'|2 as smallness of some d[A’, B!] (small doubling).

Let’s end this summary with one final remark: We take all the distribu-
tions to be the same as X in Lemma 3 and many heuristic discussions. In

the rigorous proof, one has to work with X,Y with different distributions
due to some polarization argument to remove conditioning.
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25 Quasipolynomial inverse theorem for the U 4(15‘2)
norm

After L. Milicevié [Mil24+]

A summary written by Daniel Zhu

Abstract

We summarize the proof of the quasipolynomial inverse theorem
for the U* Gowers norm over finite field vector spaces.

25.1 Background

For an integer k£ > 2, a finite abelian group G, and a function f: G — C,
the U* Gowers norm is defined as

where A f(z) = f(z + h)f(x) is the multiplicative (discrete) derivative. A
central question of higher-order Fourier analysis asks what structure we can
find in a function f with |f(z)| <1 (call such f 1-bounded) and || f||;+ > 0.
Generally speaking, we wish to find a family of 1-bounded functions g(z) such
that ||g||yx is large for “well-understood reasons” and such that f correlates
with g, i.e. |Ezeqf(z)g(x)| > & for some ¢' depending on §. A result of this
form of this kind is known as a “Gowers inverse theorem” and lies at the core
of most applications of higher-order Fourier analysis.

Henceforth, we let G' be an IF,-vector space, where p is a fixed prime that
all constants may depend on. In this case, work of Bergelson, Tao, and Ziegler
[BTZ10, TZ12] showed that that we may take g to be a non-classical degree-
(k — 1) polynomial phase, a 1-bounded function with ||g|[;+ = 1. Unraveling
definitions, such g(z) are exactly those of the form €™ where P: G —
R/Z satisfies Ay, - -+ Ay, P(z) = 0, where A, f(z) = f(x + h) — f(x) is the
discrete derivative. Such P are well-understood, and the name comes from
the fact that if p > k — 1, all such P are of the form a + Q(x)/p where
a € R/Z is a constant and @: G — F, is a polynomial of degree at most
k— 1. If p < k — 1 there are extra “non-classical” solutions.

There has been considerable work towards proving quantitative bounds
for ¢’ in terms of ¢ (absent in [BTZ10, TZ12|), with the ultimate conjecture
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that ¢’ should be bounded by a polynomial in §. The first nontrivial case is the
U3 norm, where polynomial bounds were recently shown by Gowers, Green,
Manners, and Tao in 2023 [GGMT25, GGMT26]. For the U* norm, the best-
known bound, due to Mili¢evi¢ [Mil24-+], is quasipolynomial and the subject
of these notes. (Here, &' is quasipolynomial in 6 if & = exp(—log(1/§)°W),
or alternatively, if log(1/6") is bounded by a polynomial in log(1/§).) For
higher norms, bounds with a bounded number of exponentials are known in
the high-characteristic case [GM20+].

25.2 Philosophical remarks

A common starting point in the proofs of Gowers inverse theorems is the
observation that if f: G — C is 1-bounded and || f||; > d, we must have

2k1

5O < fIIFs = Bacel| A FIIF s, (1)

which implies that A’ f must have high U*~! norm for many values of a.
Applying the U*~! inverse theorem as an inductive hypothesis, we conclude
that for many a there must exist a function g,(x) that correlates with A’ f(z).
The relations between A f for different values of a give constraints on g,;
namely, a Cauchy-Schwarz argument shows that |E.cqgq()gs(7)g.(x)ga(x)]
is large for many quadruples (a,b,c,d) with a + b = ¢+ d. The remaining
task is to “integrate” this information into a global function g that correlates
with f.

In the U 3 case, , these g, are Fourier characters, elements of the Pontryagin
dual G of G. As G is just an abelian group, this integration step falls in the
realm of classical additive combinatorics.

For the U* norm, the g, are given by quadratic phases, which, roughly
speaking, are the same as matrices. Thus, the proof of the U# theorem can
be viewed as the development and application of an “additive combinatorics
of matrices”. To accomplish this, the fundamental tools of additive combina-
torics are used both as logical inputs and to motivate certain arguments.

25.3 Proof overview

In what follows, we let ¢’ be shorthand for a quantity that is quasipolynomial
in 9. We aim to show the following theorem:
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Theorem 1 (Milicevi¢ [Mil24-+]). Let f: G — C be a 1-bounded function
with || f||ys > 6. Then there is a non-classical cubic polynomial P: G — R/Z
with

|]Emeg[f(:v)e_2mp(w)” >4

An important ingredient will be a robust version of Sanders’s Bogolyubov-
Rusza lemma.

Lemma 2 (Schoen-Sisask [SS16]). Let G be a finite-dimensional F,-vector
space and let A C G have size 0|G|. Then there is a subspace U C G of size
at least 0'|G| such that for each uw € U, there are at least §'|G|* quadruples
(a,b,c,d) € A* witha+b—c—d = u.

25.3.1 Part I: Inductive hypothesis and Cauchy-Schwarz

Suppose f: G — C is 1-bounded and satisfies || f||¢«+ > . By (1) and the
U? inverse theorem, we find that there exists a set A C G with size at
least ¢'|G| such that A¥f correlates with a quadratic phase g,(z). For such
a, let ¢,: G — G be the linear map such that Ajg,(z) is a multiple of
bq(). A Cauchy-Schwarz argument shows that for at least §'|G|* quadruples
(a,b,c,d) € A* with a + b = ¢ + d, we have

rank(¢a + ¢y — G — ¢d) < ]0g(1/§/).

25.3.2 Part II: Some quadruples to all quadruples in a subspace

This part follows from an adaptation of the Balog-Szemerédi-Gowers theorem
to the case of matrices, which Mili¢evi¢ calls an “abstract Balog-Szemerédi-
Gowers argument”. One key difference, however, is that while in the original
theorem one passes immediately to a set of popular differences, the fact that
Oa + O — G — g is not exactly zero means that the proof must keep track
of raw multiplicities for longer. The end result of a series of graph-theoretic
arguments is that, after possibly shrinking A and o', the set

{¢a1_¢a2+"'_¢a16’(alv'--valfi)€A167a1_a2+"'_a16:0}

can be covered by at most 1/§ “balls” of the form {¢ | rank(¢ — ¢) <
log(1/0")}.

A probabilistic argument allows us to shrink A further in a way that
throws out all the balls that do not consist of low-rank matrices, meaning
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that we may assume that rank(¢,, — ¢a, + -+ — days) < log(1/8"). Finally,
applying Lemma 2 allows us to replace A with a subspace H of size at least
§'|G| such that rank(¢, + ¢p — . — ¢gq) < log(1/§') for all (a,b,c,d) € H*
witha+b—-c—d=0.

25.3.3 Part III: Low rank to sometimes zero on a bilinear variety

The next step is to remove noise from the ¢,. First, for some r = log(1/¢’),
pick a random map m: G — ) and set U, = ker(m o ¢,). Under some
pseudorandomness assumptions (which if false would lead to a quick finish),
7 can be chosen so that

¢a1 - (baz + = (bananlﬂ---ﬂU,le - 0 (2>

for at least (1 —¢)|H|?*~! choices of (ay,...,ay) € H** with a; —ay +--- —
asr, = 0, where ¢ is some absolute constant (2724 in the paper) and k is fixed.

Then, for each a € H, pick z,,y, € H at random. By (2) for £ = 2, the
map @g,+a— ¢z, Will likely be equal to ¢y, 1o — ¢y, on Uy, o NU,, NUy,+aNU,,,
in which case they can be “glued together” to yield a map ¥, on W, =
(Usp+aNUs, )+ (Uy,+aNUy, ). Moreover, by (2) for k = 4, it is also likely that
Yo + Yy — Ve — Yalwoawyawenw, = 0 for (a,b,¢,d) € H* witha+b=c+d.

The effect of this maneuver is that the only possible W, that can re-
sult with non-negligible probability are highly structured; specifically, in
expectation, there exists a form : H x G — ]Fg, affine in H and linear
in G, for d = log(1/d"), for which B, = kerf(a,—) C W, for at least
O'|H| values of a € H. We can then fix a choice (%4, ¥a)acy such that
Yo + Uy — Ve — VYalB.aBynpans, = 0 for (a,b,¢,d) € H* for at least §'|H|?
choices of (a,b,c,d) € H* with a +b = ¢+ d.

25.3.4 Part IV: Some quadruples to all quadruples again

This part largely mirrors part II, running the abstract Balog-Szemerédi-
Gowers argument again. One new difficulty, however, is that we are now
concerned with a non-transitive relation; namely

Vo — b — Ve + YalBanBynBnB, = 0 and Yo — g — Ye + V¢l p.nBynBnB; =0

does not imply that
Vo = ¥y — Ye + Vr|B.nBynB.nB; = 0.
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To solution to this issue is a notion of “robust transitivity”; indeed, the pre-
vious implication is true if the conditions are met for enough (c,d). This
argument requires an algebraic regularity lemma to split 5 into “high-rank”
and “low-rank” parts, as well as a counting lemma. This part of the proof is
also where the robust part of Lemma 2 is used.

25.3.5 Part V: The finish

The remainder of the proof follows previously known arguments. Once we
understand that ), is affine, we can go backwards and show that there is
some affine ® such that rank(¢, — ®(a)) < log(1/d") for &'|G| values of
a € A. An application of the U3 inverse theorem again yields a trilinear
a: G x G x G — F, such that |E,p..cq[AIAFALf(z)e 2miclaba/p]| > §
A symmetrization argument of Tidor [Tid22| bounds this by a product of
expressions of the form || f(x)e~?"P@)/P||;;s where P is a non-classical cubic
polynomial. A final application of the U? inverse theorem finishes.
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