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Primal problem

» Q C R” bdd. polyhedral L-domain, 2 < p < 0o, 1/p+1/p' =1, f € LP'(Q)
» W < CY(R") is convex and satisfies, for all a € R”,
claP —a < W(a) <clalP + a

Minimize E(v) = /(W(vv) _f)dx among v e Ve WHP(Q)
Q

u € arg min E(V) iff /DW(VU)-Vvdx:/fvdx
Q Q

A Dacorogna: Direct methods in the calculus of variations. Springer (2008)
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Dual problem

» W*(g) =sup,crr(a-g — W(a)) for g € R"

> a-g < W(a)+ W*(g) for any a,g € R”

» a-DW(A) = W(a) + W*(DW(a)) for any a € R"
> O(f) ={r € X =WP(div,Q):divr +f =0in Q}

Maximize E*(7) = —/ W*(t)dx among 7 € Q(f)
Q
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Duality relations

> Any v € V and 7 € Q(f) satisfy
f vdx:/ 7-Vv dxg/ W(Vv) 4+ W*(1)) dx
| [ [(W(vw) + W ()

—divr <W(Vv)+W*(T)

E*(r) < E(v) Wve V,re Q(f)

» Use above argumentation on u € argmin E(V) and 0 .= DW(Vu) € Q(f) to obtain

u € argmin E(V) then 0 .= DW/(Vu) € argmax E*(Q(f)) with E(u) = E*(0)
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Primal-dual gap

» Let uc € V, o, € Q(f) be approximations of u and oy,

E(uc) — E(u) < E(uc) — E*(on)

» Energy error controls other monotonicity errors

» HHO can be used to obtain uc and oy, at the same time
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Unstabilized HHO method

» 7 triangulation into simplices with interior sides F(2)
> Vi = Pu(T) x Pr(F(Q))
> 3, = RTzW(T) (RTk(T) = Pk(T)n —|—XPk(T))

Given vy, = (v, vr) € Vi, Viv, € I} solve

/thh-Tth:—/ VTdIVpWTth—{— Z / VF [Th I/F],:ds V7 € Xy
Q
FeF@F e

> [[Vhe|lp(q) is a norm in Vj, — no stabilization

[ Abbas, Ern, and Pignet: Hybrid high-order methods for finite deformations of hyperelastic materials.
Comput. Mech. (2018)
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Discrete problem

Minimize Ej(vp) = /(W(thh) — fvr)dx among vy = (vr,vr) € Vp
Q

up € argmin Ep(V}) iff / DW(Vhup) - Vpvpdx = / fvrdx Vv, = (vr,vr) € V)
Q Q

op =Ny, DW(Vyup) € Q(f) if f € Pu(T) and up, € argmin Ex(V})

Tran (U Augsburg) Unstabilized hybrid high-order method 04 September 2025 6



Proof of H(div) conformity

Proof.
/Q\AL&%@T-VM dx = / ferdx Vv, = (vr,vr) € Vj (dELE)
Fix F € F(Q), va = (0,vr) € Vj, with (vr)|g =0VE € F\ {F} in (dELE) =
0-/0;, thhdx—W-l—/vF[ah vr|pds
= [oh-ve]lF L Pk(F) = [oh-vElr=0o0n F € F(Q) = o, € RTk(T)

vh = (v7,0) € Vj in (dELE) = /fVde:—/ vrdivepdx = divo, +NA5F =0
Q Q
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Error estimation

» Rpup € Pry1(T) solve, for all p € Pey1(T),

/prRhuh “Vpwpdx = —/ uT Apwp dx + Z /uF[prp.uF],: ds,
Q Q Fer)’F

/Rhuth:/ urdx VT € T
T T

» uc € Pri1(T) N Vs nodal average of Rpup

E(uc) — E(u) < E(uc) — E*(on) = n if f € Pi(T)

> 0<n(T) = [(W(Vuc)— Vuc - on+ W*(con)) denotes local refinement indicator
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4-Laplace in L-shaped domain [Carstensen Klose 2003]

> W(a) = [al* /4, u(r, o) = 7/3sin(Tp/8) € WHH(Q)
> f(r,p) = (7/8)3/4r_11/8 sin(7¢/8) € L16/11_5(Q) forany e >0
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Optimal design problem [Kohn Strang 1986, Bartels Carstensen 2008|

> Given 0 < t; < tp and 0 < p1 < pp with tyjuy =
pitz, define W(a) == w(|a|), a € R", with
M2t2/2 if0<t<t,
w(t) = q tipa(t — t1/2) if t7 <t < t,
u1t2/2 + 1.'1,[1,2(1.'2/2 — 1.'1/2) if th <t
> 1 =1 pp =2, t1 = /2 u1/p2 for A\ = 0.0084,
tp = poty/pq from [Bartels Carstensen 2008]

» (2 = L-shaped domain, f =1
Material distribution
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Optimal design problem
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Bingham flow in a pipe

» W(a) = ulal?/2 + gla| for any a € R?, g >0

i) = 40 if o] <g
> Wie) {(\al—g)2/(2u) flal > .

» For the computation of o and uc, use the regularization

W.(a) == ulal>/2 + g(4/|a]2 + £2) for any a € R?.

» 2 = L-shaped domain, f =10, g =0.2
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Bingham flow in a pipe
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