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Primal problem

▶ Ω ⊂ Rn bdd. polyhedral L-domain, 2 ≤ p < ∞, 1/p + 1/p′ = 1, f ∈ Lp
′
(Ω)

▶ W ∈ C 1(Rn) is convex and satisfies, for all a ∈ Rn,

c1|a|p − c2 ≤ W (a) ≤ c3|a|p + c4

Minimize E (v) :=

∫
Ω
(W (∇v)− fv) dx among v ∈ V := W 1,p

0 (Ω)

u ∈ argminE (V ) iff

∫
Ω
DW (∇u) · ∇v dx =

∫
Ω
fv dx

Dacorogna: Direct methods in the calculus of variations. Springer (2008)
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Dual problem

▶ W ∗(g) := supa∈Rn(a · g −W (a)) for g ∈ Rn

▶ a · g ≤ W (a) +W ∗(g) for any a, g ∈ Rn

▶ a ·DW (A) = W (a) +W ∗(DW (a)) for any a ∈ Rn

▶ Q(f ) := {τ ∈ Σ := W p′(div,Ω) : div τ + f = 0 in Ω}

Maximize E ∗(τ) := −
∫
Ω
W ∗(τ) dx among τ ∈ Q(f )
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Duality relations

▶ Any v ∈ V and τ ∈ Q(f ) satisfy∫
Ω

f︸︷︷︸
− div τ

v dx =

∫
Ω

τ · ∇v︸ ︷︷ ︸
≤W (∇v)+W ∗(τ)

dx ≤
∫
Ω
(W (∇v) +W ∗(τ))dx

E ∗(τ) ≤ E (v) ∀v ∈ V , τ ∈ Q(f )

▶ Use above argumentation on u ∈ argminE (V ) and σ := DW (∇u) ∈ Q(f ) to obtain

u ∈ argminE (V ) then σ := DW (∇u) ∈ argmaxE ∗(Q(f )) with E (u) = E ∗(σ)

Tran (U Augsburg) Mathematical setting 04 September 2025 3



Primal-dual gap

▶ Let uC ∈ V , σh ∈ Q(f ) be approximations of u and σh

E (uC )− E (u) ≤ E (uC )− E ∗(σh)

▶ Energy error controls other monotonicity errors

▶ HHO can be used to obtain uC and σh at the same time
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Unstabilized HHO method

▶ T triangulation into simplices with interior sides F(Ω)

▶ Vh := Pk(T )× Pk(F(Ω))

▶ Σh := RTpw
k (T ) (RTk(T ) := Pk(T )n + xPk(T ))

Given vh = (vT , vF ) ∈ Vh, ∇hvh ∈ Σh solve∫
Ω
∇hvh · τh dx = −

∫
Ω
vT divpw τh dx +

∑
F∈F(Ω)

∫
F

vF︸︷︷︸
=(vF )|F

[τh · νF ]F ds ∀τh ∈ Σh

▶ ∥∇h•∥Lp(Ω) is a norm in Vh → no stabilization

Abbas, Ern, and Pignet: Hybrid high-order methods for finite deformations of hyperelastic materials.
Comput. Mech. (2018)
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Discrete problem

Minimize Eh(vh) :=

∫
Ω
(W (∇hvh)− fvT ) dx among vh = (vT , vF ) ∈ Vh

uh ∈ argminEh(Vh) iff

∫
Ω
DW (∇huh) · ∇hvh dx =

∫
Ω
fvT dx ∀vh = (vT , vF ) ∈ Vh

σh := ΠΣh
DW (∇huh) ∈ Q(f ) if f ∈ Pk(T ) and uh ∈ argminEh(Vh)
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Proof of H(div) conformity

Proof. ∫
Ω

σh

((((((
DW (∇huh) ·∇hvh dx =

∫
Ω
fvT dx ∀vh = (vT , vF ) ∈ Vh (dELE)

Fix F ∈ F(Ω), vh = (0, vF ) ∈ Vh with (vF )|E = 0 ∀E ∈ F \ {F} in (dELE) =⇒

0 =

∫
Ω
σh · ∇hvh dx =

����������
−
∫
Ω
vT divpw σh dx +

∫
F
vF [σh · νF ]F ds

=⇒ [σh · νF ]F ⊥ Pk(F ) =⇒ [σh · νF ]F = 0 on F ∈ F(Ω) =⇒ σh ∈ RTk(T )

vh = (vT , 0) ∈ Vh in (dELE) =⇒
∫
Ω
fvT dx = −

∫
Ω
vT div σh dx =⇒ div σh +Πk

T f = 0
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Error estimation

▶ Rhuh ∈ Pk+1(T ) solve, for all p ∈ Pk+1(T ),∫
Ω
∇pwRhuh · ∇pwp dx = −

∫
Ω
uT ∆pwp dx +

∑
F∈F(Ω)

∫
F
uF [∇pwp · νF ]F ds,

∫
T
Rhuh dx =

∫
T
uT dx ∀T ∈ T

▶ uC ∈ Pk+1(T ) ∩ V is nodal average of Rhuh

E (uC )− E (u) ≤ E (uC )− E ∗(σh) =: η if f ∈ Pk(T )

▶ 0 ≤ η(T ) :=
∫
T (W (∇uC )−∇uC · σh +W ∗(σh)) denotes local refinement indicator
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4-Laplace in L-shaped domain [Carstensen Klose 2003]

▶ W (a) := |a|4/4, u(r , φ) = r7/8 sin(7φ/8) ∈ W 1,4(Ω)

▶ f (r , φ) = (7/8)3/4r−11/8 sin(7φ/8) ∈ L16/11−ε(Ω) for any ε > 0
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Optimal design problem [Kohn Strang 1986, Bartels Carstensen 2008]

▶ Given 0 < t1 < t2 and 0 < µ1 < µ2 with t1µ2 =
µ1t2, define W (a) := w(|a|), a ∈ Rn, with

w(t) :=


µ2t

2/2 if 0 ≤ t ≤ t1,

t1µ2(t − t1/2) if t1 ≤ t ≤ t2,

µ1t
2/2 + t1µ2(t2/2− t1/2) if t2 ≤ t

▶ µ1 = 1, µ2 = 2, t1 =
√
2λµ1/µ2 for λ = 0.0084,

t2 = µ2t1/µ1 from [Bartels Carstensen 2008]

▶ Ω = L-shaped domain, f ≡ 1
Material distribution
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Optimal design problem

Adaptive triangulation
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Bingham flow in a pipe

▶ W (a) := µ|a|2/2 + g |a| for any a ∈ R2, g > 0

▶ W ∗(α) =

{
0 if |α| ≤ g

(|α| − g)2/(2µ) if |α| > g .

▶ For the computation of σh and uC , use the regularization

Wε(a) := µ|a|2/2 + g(
√
|a|2 + ε2) for any a ∈ R2.

▶ Ω = L-shaped domain, f ≡ 10, g = 0.2
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Bingham flow in a pipe

102 103 104 105

10−7

10−5

10−3

10−1

101

O(ndof−2/3)

O(ndof−2)

O(ndof−4)

ndof

k = 0

k = 1

k = 2

k = 3

k = 4

η, ε = 10−4

102 103 104 105

10−7

10−5

10−3

10−1

O(ndof−3)

ndof

ε = 1

ε = 10−1

ε = 10−2

ε = 10−3

ε = 10−4

η, k = 2

Tran (U Augsburg) Unstabilized hybrid high-order method 04 September 2025 13


	Mathematical setting
	Unstabilized hybrid high-order method

